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STATEMENT OF THE STUDIED PROBLEM

Principal objective of the research supported by this ARO grant was to study the causes of
the damage and structural disorder in polymers and fiber reinforced polymers attributed to the
curing process. This research was motivated by the loss of stiffness and strength associated with
this damage. In certain cases the loss of strength attributed to these microcracks and fiber
clustering places unacceptable limitations on the use of polymers and fiber reinforced polymer
composite in engineering and military applications.

The basic philosophy of the approach used in this research is that the study of the considered
phenomena must include two following facts: (a) that the microstructure of the polymer during
the cure is strongly disordered, (b) that the damage evolution is activated both by thermal and
stress field and (c) that the fiber clustering process may be stable or unstable. In view of the first
two statements it is immediately obvious that the traditional, continuum or mean-field
micromechanical models will not provide a rational basis for the consideration of processes
which are non-deterministic, local and dependent on the extreme statistics of the microcrack
distribution in the evolving gel. It is, therefore, concluded that the governing equations must
reflect: (a) the randomness of the process and (b) the disordered lattice of the gelling polymer
matrix.

The long term objective of this work, which should be reached in the future, is to formulate
an analytical model which would enable optimization of the curing process (temperature,
pressure and time to which a resin is subjected in the autoclave). This optimization process
should allow for the determination of the temperature-time regime during the cure which should
minimize the incurred damage and fiber clustering.

SUMMARY OF THE MOST
IMPORTANT RESULTS

(1) Chemo-Mechanics of Process Induced Mechanics

The most important conclusion of the research performed and completed during the
sponsored period is that the rate at which the molecular chains rupture and damage evolves is at
its maximum immediately after the sol to gel transition, i.e. just after gel molecule is formed. In
the considered case most of the damage was accumulated during the period between 2 and 4
hours during which the autoclave temperature was held constant. This observation has significant
and potentially far reaching consequences.

From the point of view of the cure optimization process this observation means that the
thermal shrinkage has little effect on the damage. Therefore, the duration of the stage during
which the autoclave temperature is lowered can be shortened if so desired. Further, simulations
are needed to provide the effect which different temperatures and hold times have on the cure
related damage.

From the analytical point of view this observation means that a rational analytical model
cannot be developed using the methods based on the average stresses, strains and damage and the
effective (or volume averaged) material properties. The microcrack nucleation and growth




depends almost entirely on the stress concentrations within a strongly disordered gel molecule.
Immediately following the sol to gel transition the average stresses in the matrix are very small.
However, the stress concentrations are huge since the lattice formed by crosslinked nodules of
the evolving gel molecule is strongly disordered. As a result the balance between the forces on
individual links and their strength is least favorable in the aftermath of gelation. As soon as the
microstructural order is established this balance becomes more favorable even though the
average stress may become larger.

From analytical point of view the work performed during this project clearly indicates that a
rational model must span at least two scales (micro and macro) and must couple the heat transfer,
collision theory (rate of chemical reactions of association and dissociation) and balance of
mechanical momentum. Moreover, the material parameters change with time as a result of the
evolving order, increased connectivity (progressive crosslinking of molecular links) and
attendant viscosity. None of these effects can be described by the traditional tools of the
continuum mechanics.

(2) Clustering of Fibers During the Curing Process

The analysis of the fiber clustering problem has focused on, and provided answers to, the
following two important questions:

d(i) at what point during the curing process does fiber clustering occur ?

an .

(ii) what is the rate at which this process develops and what are the parameters that
control it ?

Regarding the first question, it was demonstrated that the clustering of fibers occurs early
during the curing process when the matrix is a very viscous liquid that starts exhibiting non-
Newtonian features. In the later phase of the curing, i.e. when the matrix displays strong non-
Newtonian properties, it was shown that relative motions of the fibers are unlikely to occur so
that the fibers will remain in the configuration that they possessed at the time of the Newtonian
to non-Newtonian transition.

Concerning the second issue, which was approached by analyzing the stability of a Stokes
flow through an array of fibers, it was shown that fiber clustering is always initiated but that its
rate of growth is very strongly affected by the fiber concentration at the time of the transition.
Specifically, a dramatic increase in the growth rate with the ratio of the distance between fiber
centers to the fiber radius has been observed. The fiber geometry, i.e. staggered or unstaggered
configurations, has been shown to have only a very weak effect on the growth rate, slightly larger
for staggered arrays of fibers than for unstaggered ones. Finally, estimates of the growth rates
were presented for a variety of conditions.

From the point of view of the optimization of the curing process, the above findings indicate
that the clustering of the fibers can be minimized by shortening the time of the transition of the
matrix from an at least approximately Newtonian behavior to a non-Newtonian one, and by
minimizing the fiber concentration at that transition. The estimates of the growth rate which have
been reported can be used to determine appropriate values of the transition time and fiber
concentration.

When present, clusters of fibers clearly lead to a spatial nonuniformity of the mechanical
properties of a composite material. This observation has motivated the final part of this research
effort, i.e. the assessment of the effects of spatial random variations in the strength of the fibers
on the global properties of a composite. Under a local load sharing rule, a set of three first order
differential equations was derived that govern not only the stress-strain relationship of the
composite beyond the elastic regime but also the distribution of the force carried by the fibers
and thus permits the prediction of the mechanical behavior of a composite specimen from the
spatial description of its mechanical properties.
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ABSTRACT
1 3 The paper focuses on the establishment of a micromechanically based
\ analytical mode! for the determination of the cure induced average temperature,
! stress and strain fields in a resin slab. Based on the new aggregation-percolation
1R type of models the proposed algorithm seems to be well suited for the requisite
b o analyses. A geometrically simple problem was selected to illustrate main aspects

of the problem and the proposed analytical model.

!
' { ‘ INTRODUCTION

Xk Mechanical response of polymer matrix composites, and ultimately their
b B strength, is strongly affected by the residual stress and submicro- and micro-
defects induced during the curing process. The magnitude of residual stresses and
the size of micro-defects depend on the chemical process, thermal gradients and
pressure developed within the cured specimen and the duration of the process.
Consequently, optimization of the curing process, i.e. minimization of the
performance limiting birth defects, is undeniably an important task with far
reaching consequences. However, the inherent complexity of the phenomenon,
coupling exothermic chemical reactions, heat transfer and attendant emergence of
the stress and strain fields defies easy solutions. Additional complexity is
introduced by the disordered and evolving (time dependent) microstructure of the
polymeric matrix. Consequently, it is unlikely that a rational analytical model for
the description of the underlying physico-chemical phenomena can be sought
within the framework of the conventional continuum theones.

Polymerization, or more specifically sol-to-gel transition is a process
recognized as a critical phenomenon or phase transition. Continuous and gradual
formation of bonds, generated during binary collisions of n-mers on the
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microscale, results in a singular behavior on the macroscale. In other words, sol
becomes gel during the irreversible connectivity transition of the material.
Singular behavior of some transport macro-properties further complicates the
process and its description.

Some aspects of this physico-chemical process in a strongly disordered
medium were studied in the past in isolation using conventional methods. For
example, the problem of heat conduction in a body undergoing solidification
(Stefan problem) and the associated development of residual stresses has been an
area attracting some interest in the past (Weiner and Boley, 1963, Li and Barber,
1989, Guz', et al., 1988). The development of thermal stresses in chemically
hardening elastic media has been analyzed by Levitsky and Shaffer (1974).
Related problems were also studied within the framework of viscoelasticity by
Muki and Sternberg (1961), Lee and Rogers (1963) and Weitsman (1979).
Several investigations were focused on the development of residual stresses in
thermosetting composite laminates (Hahn and Pagano, 1976) , Bogetti and
Gillespie, 1989) or void formation (Halpin, et al., 1984) during the curing
process. All of the above models were strictly phenomenological. The relation
between the actual chemical processes (often lumped into a vaguely defined
degree of cure) and the changing transport properties is at least tenuous and
limited to a fitted set of data. In all cases the material was assumed 10 be
homogeneous and the moving surface sharply dividing the sol from the gel (Guz',
et al., 1988) geometrically perfect. These deterministic, continuum models may,
indeed, suffice for prediction of mean (average) fields. However, the
conventional continuum models are inherently unable to predict the fluctuations
of temperature, stress and strain fields responsible for damage (and "birth
defects") and the atiendant spatial-temporal disorder characterizing the phase
transition.

The objective of this paper is to recapitulate some of the newer advances in
the description of the polymerization process and suggest a rational
micromechanically based model for the prediction of the viscoelastic phenomena
on the macroscale.

GELATION OF THERMOSETTING POLYMERS

The process of polymerization or gelation is characterized by a sudden,
abrupt and dramatic change of the system on the macroscale at a particular value
of a continuously varying micro-parameter (number of cross-linking bonds
formed between monomers). Pioneering studies of polymerization of branching
molecules by Flory (1941,1953) and Stockmayer (1943) later became known as
bond percolation on a Bethe lattice. However, the Bethe lattice cannot model the
spatial distribution of clusters and the ensuing spatial disorder. More recently the
critical phenomena of sol-gel transition has been studied extensively within the
framework of the percolation theory by deGennes (1976), Stauffer (1982) and
Hemnann, et al., (1983). In these studies, monomers are placed in a cubic lattice
(instead of an infinitely large Bethe tree) and bonds are allowed to form
randomly between them. In the course of this process, formed are
macromolecules of different sizes like dimers, trimers, n-mers etc. At some
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critical point of the rcaction (commonly referred to as the percolation threshold)
an infinite cluster appears spanning the entire specimen. This infinitely large
macromolecule is known as ‘gel’, while the collection of finite clusters coexisting
with the gel is referred to as 'sol’. The process of gelation is, therefore, the
transition of phase from a state without a gel to a state with a large gel network
(backbone) spanning the entire specimen. A number of physical properties of the
system exhibit singular behavior at the percolation threshold. Even newer studies
(Martin, et al., 1989, Martin and Adolf, 1991) focus on certain inconsistencies of
the earlier percolation models ignoring aggregation by assuming that the lattice
nodes are occupied by monomers.

In dilute solutions monomers are very mobile. As they diffuse through the
solution they collide, bond to each other and aggregate into clusters of fractal
geometry. In the process of aggregation n-mer clusters form long, entangled
chains. Essential feature of the chain kinetics is that their macro-behavior is
dominated by its large scale propenies and that they interact with many neighbors
(Doi and Edwards, 1986).

The aggregates (macromolecules or long chains) become immobilized when
they fill a certain fraction of the available volume. This irreversible connectivity
transition can be conveniently described as a phase transition by a bond
percolation model. The nodes off the lattice are occupied by the aggregates
(rather than monomers). The probability that a bond exists between two
neighboring aggregates is denoted by p. At the bond percolation threshold p = pc
a finite cluster emerges and the polymeric liquid crosses into solid (gel). The
bond percolation threshold pc is a universal parameter depending only on the
microstructure (lattice geometry), connectivity range and dimensionality. At the
percolation threshold, parameters such as cluster radius and viscosity v diverge as
a power of the proximity parameter |p - pc!. For example, the scaling law for

the bulk viscosity is
v ~(pc-p)k as p-o pe 1)

where k =1.4 £ 0.2 (Martin, et al., 1988) for a typical epoxy resin.

Beyond the percolation threshold p > pc the newly formed gel backbone
acquires tensile and shear stiffness and strength. The scaling law for the
equilibrium shear stiffness (or somewhat less rigorously macro shear modulus)

was found to be :
Goo ~ (p - pc)T as p—pct ()

where t = 8/3 (Adolf and Martin, 1990).
Since the fraction of bonds p is a monotonically increasing function of

time, both equilibrium and relaxation modulus change with time as well.
Experimental results show that the longest relaxation times for the clusters
diverge at the gel point according to the scaling law (Adolf and Martin, 1990) :

T2~ (P - Pc)Y 3
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where y = 4. All three scaling laws (1) to (3) are universal in a sensc that they do
not depend on the details of the microstructure, sequence of the bond formation
and duration of the process. Finally, these scaling laws are valid only in the
vicinity of the percolation threshold. For p >> p¢ the gel becomes locally macro-
homogeneous allowing application of mean field theories.

From a narrow, parochial view of solid mechanics it might appear that the
study of gel (by percolation and mean field models) suffice for the purposc of
estimating distribution of micro-defects and residual stresses attributable to the
curing process. However, since the nodes of the lattice are occupied by aggregates
(rather than monomers) the viscoelasticity of the lattice in an essential manner
depends on the aggregation processes. More precisely, the viscoelastic properties
of the polymer (and the birth defects) depend on the dynamics of a single cluster
including its conncctivity, excluded volume and hydrodynamic interactions
between constituent monomers, etc. Further support for the combined
aggregation-percolation model, advocated in this paper, consists of the measured
defect data. In general, the probability of finding defects spanning more than six
1o seven adjacent nodes is very small. Thus, if the defects are indeed measurable
in um (see Kuksenko and Tamuzs, 1981) the spacing between nodes must be of
the order of aggregate rather than monomer size.

VISCOLELASTICITY OFF POLYMERS DURING THE CURING PROCESS

The essential attribute of micromechanical models is that they relate the
response and transport properties of a solid on the macro-scale to 1its
microstructurc. In a process model it is further necessary to relate the change of
macro-properties to the evolution of the respective physico-chemical processes on
the micro-scale. Thus, the study of viscoclasticity of polymers during the curing
process must be related to the dynamics of a single molecular chain and the
interactions between adjacent chains.

Dynamics of a polymer chain in dilute suspension is, in dependence of the
extent of hydrodynamic interactions, governed either by Rouse or Zimm models
(Doi and Edwards, 1986, Martin, et al., 1989, etc.). In a fixed network (cross-
linked systems) the dynamics of a polymer chain is typically approximated by the
reptation model (deGennes, 1990, Dot and Edwards, 1986, etc.). In all of these
cases the relaxation modulus scales in a different manner allowing for relatively
precisc and convincing experimental determination of the dominant chain
dynamics mechanism.

For example, for times larger than that of the Rouse mode, the relaxation
modulus of the polymier in the post-gel stage is described by (Martin and
Adolf,1990)

GR (1) = AGu(t) (1+1/ 15 )23 exp| -(1 / 1,)04) (4)
where A is a constant depending on the instantaneous modulus of the material and

Tp 1S 4 relaxation time in moleculir time scale characterizing the Rouse mode of
dynamics of a polymer cluster.
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The so-called time-temperature superposition principle (see, for example,
Ferry, 1961) allows for the construction of a master relaxation curve
representing hypothetical bechavior of a polymer at one temperature over cight
decades on the logarithmic time scale from several curves at different (higher)
temperatures mcasured over much shorter time intervals. In other words, using
appropriate scaling the duration and the temperature of the test are in a certain,
well defined, sensc interchangeable insofar as the extent of stress relaxation is
concerned. This principle was invariably found to hold for uncross-linked
polymers but lacking for the cross-linked polymers. This is a natural consequence
of the fact that the relaxation is friction dependent in uncross-linked polymers. In
cross-linked (thermoset) polymers the viscous behavior is dominated by the rate
of cross-linking rendering the time-temperature superposition principle
inadequale.

Considering scaling laws for the relaxation modulus Adolf and Martin (1990)
concluded that the scaling iaw for the relaxation shear modulus G(t) scales
equally below and above the percolation threshold. Thus, the master relaxation
curve (time-cure superposition principle) for the complex shear modulus in the
vicinity of the phase transition can be obtained scaling the actual time t by the
longest relaxation time T,. The inverse of the longest relaxation time 1/1;1s,
physically, a point at which two different limiting behaviors of the complex shear
moduius meet. The ensuing time-cure superposition principle is supposed to be
valid only for the incipient gel, 1.c in the narrow neighborhood of the percolation
threshold. However, experimental daia indicate (Adolf and Martin, 1990) that this
scaling law persists well into what is typically considered the mean field regime.

TRANSIENT CURE INDUCED PROCESSES IN A INFINITE SLAB

e

Consider a slab of thickness 2h, infinitely extended in the direction of x and
z axes (Fig.1). The heat diffusion through the thickness of the slab is govermned by
the classical equation

dpST) 3, T
oy (RgyleeHR (5)

The density (p), thermal conductivity (k) and specific heat (S) of the material
virtually do not change and will, therefore, be assumed to be constant throughout
the process. The polymerization process is exothermic and the rate at which the
heat is generated is typically assumed to be proportional to the rate of the cross-
linking

1
B

Hg = HT%E (6)

t
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Fig.1 Representation of a infinite slab of resin

In (6) Hr is the total heat generated per unit mass of resin during the curing
process. Moreover, a pscudo first order reaction and an Arrhenius relationship is
typically used to define the rate at which the bonds are formed as a function of
the prevailing temperature T (in degrees of Kelvin)

5 u
2P = Acexp(£2) (1 - p) ™

In (7) Ao is a constant, E, the activation energy for the reaction and R the
universal gas constant.

Taking advantage of the symmetry of the problem, boundary conditions on
the temperature field are

T (y=ho, 1) = Ta(t) (8a)
dT(y=0, 1
where Ta(t) is a prescribed autoclave temperature sketched in Fig.2.
TA
T
T, 7

I] 12 13

—

Fig.2  Varnation of autoclave temperature with time.
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Initially, slab is assumed to be at the room temperature (T;). Therefore, the
initial condition 1s

T(y,0) = T; 9)

The initial boundary value problem, consisting of equations (5) to (7), boundary
conditions (8) and initial condition (9), can be solved only numerically to be able
to determine the variation of the temperature T and cross-linking p through the
thickness of the slab at each instant of time.

ress a ral Ids

It has been observed for thermosetting resins that near the gcl-poiﬁl the
time-dependent viscoclastic functions form universal curves if the modulus is
scaled by the equilibrium modulus and the time by the longest relaxation time 1z
(Adolf and Martin, 1990). The critical regime where this theory of time-cure
superposition remains valid has been found to be surprisingly broad.
Conservative estimates show that above relationships are valid for most of the
post-gel regime.

In order 1o take advantage of the time-cure superposition principle it is
necessary to introduce a reduced time variable defined as

t .
dt’ l , 4 a,
2 0= | = =c [iptt) - pc)d di (10)
G z 0
where (1/c) is the proportionality constant in the expression (3).

Since the in-piane dimensions of the slab are large compared to its thickness,
the stresses, strains and displacements in the regions away from the slab ends are
functions of the ¢ and coordinate y, only. If the boundaries are free of stresses
and the dead weight negligible the only nonvanishing stresses (equal to each
other) are oy and G;. Using the same argument, the only non-vanishing strain
component is found 1o be &£y. Following an analysis similar to one suggested in
Muki and Sternberg (1961) a constitutive law relating the deviatoric parts of the
stress component Gy and strain rate €x can be written in terms of total stress Ox
and total strain rate dcy/dt as

t

a . ,
o (0= (260 -G ar an

0
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where G is the shear relaxation modulus of the material admitting additive
decomposition G = G + Gr . The dependence of G on the degree of cross-
linking near the phase transition is defined by the expressions (2) and (4).

Similarly, from the constitutive relations between the hydrostatic
components,

. t
20x (y.0) = J’3K(y,x—x') % {ey (v,1) — 3e*(y,1)} dt’ (12)

where € is the isotropic eigenstrain in the material point due to shrinkage and
thermal dilatation

e* =g - En (13)

Before the emergence of the infinite cluster the freely moving aggregates
shrink without emergence of stresses. Thus, in a mean field approximation it may
be assumed that the stress generating shrinkage strain is directly proportional to
the degree of cross-linking above the level needed for the formation of the
infinite cluster

€sh = &f (p - pc) / (1 - pc) (14)

with gf being the final magnitude of the shrinkage strain. The thermal strains are
defined as

eth =a (T - Te) (15)
with o being the thermal expansion coefficient for the material, while T = T¢ at
the percolation threshold.

The rate of change of the eigenstrain is, therefore,

oe¥(y) _ JT(y.) _&f 9dp(y.)
o ~%T% T Qe ot 18)

For the present analysis it will be assumed (as in Lee and Rogers, 1963) that
the material is elastic in hydrostatic extension/compression and viscoelastic in
shear. This assumption is supported by the observation that the bulk moduius K
exists before the phase transition and is, in all probability, not very sensitive to
the volume fractions of ge!l and sol. Thus, in the following expressions, the bulk
modulus will be taken as being a time-independent constant.

The final form of the constitutive law can be derived eliminating €y from
(11) and (12)

Ox (7.0 + 3% J—u—l—cw U)dv= - 6JG<y,x OEL e )
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As suggested by Lee and Rogers (1963), the nonhomogeneous integral
equation (17) can be solved numerically discretizing the time scale into finite time
steps t; , 1=0,1,2,...... n, with 11=0 and t; = t. Once the shear modulus of the
gelling material and the eigenstrain are determined as a function of the position y
and time t, it becomes possible to compute the right hand side of the above
equation (denoted below as F(tp)) for each time increment. The left hand side of
(17) can be further manipulated into a more convenient form

2 n-1
F(tn) -3¢ D (Glyxn=xi+1)p; - Gy, xa=Xi-p;]
i=0

ox (y,1) = (18)

2
1+ 3{G(y.0)p, - Gy, xn~Xn-1)p,}

where p; = p(1;) refers 10 the extent of the reaction corresponding to the time step
tj and G(y,t)pi is the modulus evaluated at the same extent of reaction.

Finally, since the change in the thickness dimension due to chemical
shrinkage is negligible, the slab thickness (2ho) is assumed, for simplicity, to
remain constant throughout the process.

lilustrative Problem

For the purpose of illustration the computations were performed for a
polymer slab made of Hercules 3501-6 resin. Following numerical values for the
material parameters were selected as representative for the considered boundary
value problem (Loos and Springer, 1983, Bogetti and Gillespie, 1989) :
conductivity of the resin k = 0.167 W / (m.K), resin density (p) = 1.26 x 103
kg/m3, specific heat of resin (S) = 1.26 KJ/(kg.K), heat of reaction (HT) = 474
Kl/kg, coefficient of thermal expansion (a) = 7.2 x 10-5 /0C, final shrinkage
strain () = 2%, shear modulus of the fully cured resin (Geo(p = 1)) = 1.06 x 103
MPa, bulk modulus (K) = 2.3 x 103 MPa, thickness of the resin bed (2hg) = 1.5
cm, constant for the cure kinetics (Ag) = exp(21), activation energy of the resin
(Ea) = 80 x 103 J/mol. The gel point for the resin was identified as the bond
percolation threshold on a simple cubic lattice, p = pc = 0.25.

The autoclave temperature was varied as shown in Fig.2 assuming arbitrarily
that t}=1 hr, t2 = 3 hrs and 13 = 5 hrs. The initial temp T; was 25¢ C while the
maximum temperature Tf was 177° C. The constant ¢ in (9) was estimated on the
premise that the reduced time variable () coincides with the actual time after
which the material is fully cured, i.e. when p=1. The parameter ¢ obtained in this
manner was 3.16. In absence of precise experimental data the constant A,
characterizing the instantaneous modulus of the material, is assumed to be 1.
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RESULTS AND DISCUSSION

1.0

0.8 1
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Fig.3 Growth of degree of crosslinking with time

Fig.3 shows the growth of degree of cross-linking with time for points on the
surface and in the center of the slab. The rate of gelation is clearly much more
rapid near the center due to the higher temperature attained by the interior of the
slab in the course of the exothermic reaction. As a result the interior of the slab
gets stiffer much faster than the outer layers and consequently locks in higher
shrinkage stresses. It can be also observed from Fig.1 that the final degree of
gelation in the central region is higher than that of the surface. The strength of
the fully cured slab, therefore, varies through the thickness in proportion to the
final degree of cross-linking attained.

T/ T,

1.2

lo_fvvwv-vvvv'v

= —r——V—V

t=2.5hrs
_0—0"0—0—0—0‘0—0-'0—0—0—0—0—0—0_0_0_0_0_0_(
08 =35 hrs 4
06 —Ml
b t=0.5 hrs
04 T T M T T d
0.0 0.2 04 0.6 0.8 1.0
y/ h,

Fig.4 Variation of temperature through slab thickness

The variation of the temperature across the thickness of the slab is depicted
in Fig. 4 at four different times. The exothermic reaction due to the cure results
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in a significant temperature gradient within the material especially while the
material undergoes phase transition from sol to gel. During this time the material
is subjected to a shrinkage strain resulting from cross-linking. Fig.5 shows the
variation of the degree of cross-linking (p) across the thickness of the slab. The
number of cross-links at the center of the slab increases substantially at some
critical time when the exothermic reaction taking place near the sol to gel phase
transition.
1.0

t=4hrs

t=1hr

0.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

y/h

(V]

Fig.5 Variation of degree of gelation through the slab thickness

The development of the viscoelastic stresses (o) is quite rapid after the gel-
point as shown in Fig.6. After reaching maximum value at t = t3 (when the
autoclave cooling is completed) the stress ©x decay to an equilibrium value. After
sufficient time the stress Ox stabilises resulting in residual stress.
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Fig.6 Variation of stresses with time
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time resulting in residual stresses. It can be also observed from Fig.6 that the
stress at the middle of the slab (y = 0) is significantly higher than that on the
boundary (y = ho). This 1s a consequence of the exothermic hecat generation
within the slab and the attendant temperature gradient observed in Fig.4. Fig.7
depicts the variation of ox through the thickness of the slab and at different
extents of time. Due to the presence of temperature gradient and the gradient in
the degree of cross-linking through the thickness of the slab, there is significant
gradient in stresses as well. It can be only conjectured at this point that
microcracks originate at the center of the slab when the magnitude of the tensile
stress exceeds the current strength of the gelling material at that point.

100

t=35hrs

(MPa)

)

y/ho

Fig.7 Variation of Stresses through the Slab Thickness

SUMMARY AND CONCLUSIONS

The objective of the present analysis was to incorporate the critical
characteristics of a cross-linking thermoset material in the computation of the
viscoelastic stresses during its curing process. The objective was reached by
formulating an initial boundary value problem for the spatial and temporal
curing of a slab of resin exposed to specified autoclave temperatures. The stress-
strain law was formulated using time-cure superposition and relaxation
integration equations in terms of cure-dependent elastic moduli and shrinkage
strains.

Computations indicate that significant tensile stresses are generated shortly
after the critical point of sol-gel transition. These stresses result both from the
chenical shrinkage as well as thermal shrinkage. The magnitude of stresses in the
actual process is observed to be higher than that of the residual stresses.
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ABSTRACT

fn un attempt to explain the phenornenon of fiber clusiering. the low Reynolds number Jow
through an array of rigid cylinders is invesugated® Buth misves of a regular ard a sightly per
turbed array of cylinders are studied. In particular, the forces exened on the cylinders by the luid
are derived for beth cases and a stability anadysis is contlucted 1w predict the mation of the ar 1y,

INTRODUCTION

The design of a manufacturing process that lead to composite materials possessing op .ma.
propenties represents an imponant technological challenge. Dne of the difficulties that are ~fien
encouniered is the lack of uniformity of the distribution of fibery in the mutrix, This generic rrob-
lem which affects both short arkl continuous fibers composites ariginates v pasticular in the How
of the resin through the arrungement of fibers. Consider for example the process of impregnation
of thermoplastic composites which starts with the introduction of 2 polymeric mainx inro a fiber
tow. As a result of heating, the matrix softens and stants flowing into tne spaces separating the
adjucent fiber tows. While flowing through the “channels” formed by the udjacent tows the
viscous mauss exerts significant pressures and shears on the 10ws which muy cause both their
fiexure and rigid body displacement. This process may lead to concentration of fibers wnto small
areas, or clusters, and to the formation of mairix-rich domains which are aimost devoid of finers.
One of the possibie explanation of this phenomenon associates the fiber clustering with an initiud
irregularity of the array of fibers. The goal of the present investigation is to test the validiry of
this mechanism. To this end, the motion of a Huid (the resin) through an array of cylinders (the
fibers) will be investigated. in panicular, the present study will focus on the detennination of the
chunge in the forces exened by the fluid on the cylinders as they move away from their inuially
regular arrangement. Finully, these results will be used 10 test the stability of the entire amay ot
fibers.

THE FLOW EQUATIONS

The fiuid fiow pust an array of cylinders has been the subject of 4 larpe number of both
theoretical and experimienta) investigations. The two limitny cases of o fully turbulent fiow,
corresponding to a very large Reynolds numberisee Chen et sl (1990, Concu. et ul. (1990) and
references therewn), and of a creeping motion. modeling 1o very iow Reynolds number situation
(see in particutar Tamada and Fujikawa (19573 Mivagi (195%). Hasimoto (19591 Kirseh and
Fuchs (1967), Happel and Brenner (1973), White (1973), Drummond and Tahir (1984) and refer-
ences therein) have been especially emphisized. In the context ot the muanutactining of thenno-
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plastics it is found that a lew mean veiocity, U, a high kinsmatc viscosiry . v, and simall v e
ter of the fibers, D, lead to 3 very small Reynolds number
v D
Re = =% | )
H

{10 the preem

The theory of lincar creeping Hows thus represents an approprite framewo b |
snalysis.

The derivation of the fiow equations comesponding 1o ihe limitir 3 ease of & v
nolds number is a classica topic of fluid mechanics. Meplectung all inemia 12m

showed that the continuity and momentum equations reducec to
divV =0 (2)
and ‘
WO =p (3

where V and P are the velocity and the pressure finlds, respectively. Funber, tre symbuol p
denotes the dynamic viscosity which s defined as

pmpv (#)
where p is the mass density of the fuid. Introducing the voriciy vector o as
w = curl ¥ (5)
it is readily shown that Eq. (2) and (3) can be rewrinien in the form
VP wy 16)

and
Vwey ("

A series of investigations (see White (1974) and Happel and Brerner 1673, for detils) have
shown that Eq. (6) and (7) lead. in the case of the three-thmensionul flows arcurd immersed
bodies to accurate estimates of the flow characternistics, in particular the drag and 17 forees in a
large domain surrounding the body. in the far field, however, Siokes’ eguation nredicts inznia
terms that are not negligibie, as was iitially assumed in the derivation of Eg. (30 Funher, the
solution of plane flow problems by relying on Eq. (7) is uffecied by Stokes' paradox: u i not
always possible to find a steady solution in Eq. (6) and {7) that also satisfies the boundary condi-
tions in the surface of the immened body (no-siip condition) and in the far-held.  These

weaknesses of Stokes® equation have led Oseen 1o conserve the inenia term p U %—L in the formu-
-2l
lation, leading to the following sieady momentuin eguation

v .
pU%T--VI'd-pV':!_“. (8)

The above relation, at the contrary of Stokes’ eyuation, leads 10 a uniformuy valid spproximation
of the three dunensional Huid How around an immened bidy. Funther, ot admin steady 1wo
dimensional solutions that satisfy the required boundary condinons on the immersed body and in
the far-ficld. Notwithstanding these advantapes, it should be noted that Stokes’ und QOseen's
cquations, £q. (7) and (R). hoth represent zeroth order approximations of the Nuvier-Siokes egua-
tions corresponding to a low Reynolds number.

Thus, it cannot in general be inferted that the use of Eg. (X) will leud 10 estimates of the
forces acting on the body thit are more asccurate than the correxponding approximations derived
from Eq. (7). (Happel and Brenner, 1Y71). In the context of the How through o penurbed array
of fibers, this observation indicates that the simplest of the two momentum equauions, that is Eq.
(7). be used provided that it yiclds an aceeptable flow feld. The lack of a Rwd only “fur held”
and the existence of a Swhkey' creepine How through a repular arrangenient of cylinders (see
Hasimoto. 1959, Sangani and Acrivos. 1982, Drummond and Tahir, 19%3) sugpest that Siokes'
paradox will not be present. Conveguently, Ey. (7) will indeed yield the required low  Reynolds
number approxirmnation.

ASSUMED SOLUTION

in the case of a three-dimensiona! flow, the vorticity veclor can be written in the form

W = [0. c. w:] 9
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where u and v denote the components of the velocity in the plane of motion,
v« [uv.0). (tn

Introducing the polar coordinates (r.8), it can be shown that the solutions of Eqy. (7) and (9) admit
the representations

w, wF Binr+FnreF B+F, T [B.I-(".'O'C.f-.l-.#D.f-t"“OE_r-:-']

2)

where 8., Ca, D, Eo. mul,. and F\. Fy. F). F, ambitrary constants. The single-valuedness of the
vonicity component w, under 3 rotation by an angle 2x around the :-axis sequires that the
cocfficients £, and F, be identically zero. Funther, imposing that w, vanish at infinuy, r we, leads
to the condition

Cy=sC,=0 (13)

and
DowE . =0 .m=l, (14)

Finally, the real character of the vornicity vector for all values of r and @ requires that the con-
stants 8. and C. be complex conjugates of each other, or
Ca=bdu.m=l.. s

Under these conditions, it is found that w, can be expressed in the form

w, = i [B_ r ™%+ 8, r"']-i[-’%w-?;:-] (16)

where

rmr+ivare uamn

The next step of the anadysis consists in the determination of the velocity field v thut corresponds
to the vornicity componemt w,, Eg. (16). This computation is greatly simplified by introducing first

the complex velocity W as
Waye=jr (18

and noting that

EZ N O TR E S D | VI "R U & " V1 | B
ar 1l D.v}l s 2 o B_VJ la.\' oy 2

{9y

where the last equality results from Eqg. (2) and (10). Then integrating Ey. (16) with respect 1o ©
yields

W d 3:[':- 5. \ia‘-im" AL LlE,
- - ——— e | 4 = S — :
NE T T B PR T

(20

where A., mwl,. are arbitrary complex constants. Note that the term %E yinz is required to pro-
duce single-valued velocity components » and v.

The singulanity displayed by the flow field, Eq. (20), at : =0 is clearly inadmissible unless
tha point does not belong 1o the fluid domain. More precisely, it can be argued that this point
must coincide with the center of one of the fibers. Symmetry considerations dictate, however, that
no one cylinder have a privileged role in the analysis. Thus, there must be 2 singulanity of the
fiow field. Eg. (20). at the center of each fiber and (see also Tamada and Fujikawa, 1957, Drum.
mond and Tahir, 1984)

W-ZZW'.' ('Zla)
) .
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where
R P R gy
N {..z " (m—l)(t’-;‘ﬂ)"‘ T =)
lo_s B a am
e N T (21b)
| Spg | mmo (2 =5p)

In the above relation, the double summation over the cylinder indices p and ¢ extends over the
entire array and s,, denotes, as in Fig. 1, the complex number associated with the position vector
of the fiber in the p* column and the ¢ row.

The boundary conditions, to be described next, will provide the necessary equations to com-
pute the values of the complex coefficients ALY and BLY corresponding to each of the fibers (p.g),
thus completing the determination of the velocity field in the array. Once this information is
available, it is quite simple to determine the pressure field and the forces extended on the
cylinders. Specifically, note furst from Eq. (3) that

twoeu vtucivty]ep |20 28220
VW u[Vu :V\] P[a.r Iay] 23:. (22)
Then, using the identity
N W
VW =4 23
. d: of ( ),
and integrating Eq. (22) over :, it is found that
f-zu%l_f-u(:-)hium:u(?) (24)

where x(%) denotes a function of ¥ such that the corresponding pressure field P is real. Finally,
the complex force acting on the fiber py can be evaluated as (Miyagi, 1958)

FNeFN+i FN=[(ip+po)d 25)
~

where the notation I denotes the integral over the contour of the circle pg. Combining Eq. (24)
and (25), it is found that
FR=i a4 2p fod =2inp B (26)
~ ~

NO-SLIP BOUNDARY CONDITIONS

To give risc 10 a bonafide velocity distribution, the constants AZ¥ and BLY must yield vanish-
ing components « and v on the exterior surface of cach fiber. Denoting by a the common radius
of the fibers, it is then required that

W=0 forz=gs, +ae'" 27)

at every angle 8 and for all cylinder indices p and ¢. Combining Eq. (21) and (27) and expand-
ing the terms (s, =3 +0 ¢’*)™ and In s, -5y +a ¢’} in the form

- —m !
(5, ~spg ta &Y™ =5, =50 )" T [ . ] [ - ] e for(r.5)2(0.0)

w00 L"" —‘H
(28)
and
- () '
;n:,,,-;ﬂ-we"'r-ﬂn:xn-:”r'*itﬂ—[ d ] )
ral ! S =Sy
= g pye=t ! . '
e [__ﬂ___] e~ for (r.s)#(0.0) @9
ral ‘ S "3

yields a Fourier-like expansion of W involving the powers of ¢**. Since the functions ¢“* form a
basis over the domain 8¢ [0.2x], it is nccessary, to satisfy Eq. (27), that the coefficient of each
power ¢** in the expansion of W be set to zero. That is,
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FLOW PAST A REGULAR ARRAY

1t will be seen in the next section that the determination of the Aow past a perrurbed array of
cylinders requires the knowledge of the corresponding solution for a regular arrangement. The
jatter flow ficld can be determined either by relying on the power series expressions denived by
Drummond and Tahir (1984) or by a direct application of Eq. (31)-(34). In the casc of a regular
array, it is expected that the cylinders all have an identical effect on the flow. of equivalently, that

g = BS forall pand g ard m = lo. (35)
and
ANV = Al forall pandq andm = .. (36)

for sorme complex numbers AS and BZ. Then, introducing Eq. (35) and (36) in Eg. (31)-(34) yields
the following linear system of equations ’
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In the above equations, the symbols £,(0.0) and G,,(0.0) have been used for brevity 10 designate
the following series

FatOh= 5  — m=l. 41)
Pt S
ip ey
and
5,
Goti= Y A m=2. 42
P O
I ap LD}

where the summation over the indices p and ¢ extends over the entire array with the exception of
the cylinder 00. It should be noted that the coefficients £,(0,0) and G.(0.0) are affected by conver-
gence problems. In panicular, £,(0.0) and G,(0,0) are indeterminate; their values depend on the
order of summation. Drummond and Tahir (1984) have resolved this issue by using symmetries.
For the geometries that they considered, (unstaggered array, triangular and square staggered
arrays) they have proved that the appropriate values of the cocfficients F,(0,0) and G, (0.0) are
obtained by performing first the summation perpendicular to the mean flow.

The determination of the coefficients A and B2 requires a final, scaling condition specifying,
for example, the mean fluid velocity across the array (see Drummond and Tahir, 1984, for
details).

FLOW PAST A PERTURBED ARRAY

The determination of the fluid flow past an arbitrary irregular array of cylinders can be
obtained as in the case of a regular arrangement, by relying on Eq. (30)-(34), Because of the lack
of symmetry in the positioning of the fibers, the simplifying assumptions given by Eq. (35) and
(36) will however cease to be valid and a severe increase in the level of complexity of the
analysis will result. In this respect, note that an investigation of the stability of the array requires
only the knowledge of the fluil flow past a slightly perturbed array the cylinders of which are
located at'the points

Sy = 5y + Biy. 43)

In this relation, the symbol 5., denotes the position of the cylindcr py in the regular array while
és,, represents its smali mnpomlonmg Introducing equation (43} in Eq. (30)-(34) and lincarizing
the resulting relations provides a first order approximation of the forces bcmg exened on the
cylinders as a result of their motions. Retaining only the linear 1em in 85, 3t is found that the
principie of superposition holds; the forces resulting from the mnposmonmg of two or more
cylinders cqual the sum of the contributions corresponding to each of the displacements &, as if
they were acting alone.

This observation implies that the analysis can be conducted by considering that only one
cylinder, with indices p =¢ =0, is not in place, that is

8, =0 for (py) = (0.0) 44)
Then, the cocfficients A% and 24 can be expressed in the form
AN = AD & BN (45)

and
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BLY =B + 8B (46)

where 842 and 88LY are the small perturbation terms corresponding to the mispositioning 8sw.
Further, 10 account for the Anite memory of the fluid, it will be required that

AN 0 us p undlor § = 2w (47)
and

BB = 0 us p undior ¢ = tw, 48)
h‘e;:ing r and/or s tend toward infinity in Eq. (30), it is readily found that Eq. (47) and (43) inply

TS =0 (49)
[ ]

and
T 3 884 =0. (50)
[

Even with the above simplifying assumption, the solution of Eq.(30)-(34) appears to be quite
cumbersome since there exists in general a different set of coefficients 842 and 884 for each
cylinder py. To this end, note that every doublc_summation term appearing in Eq. (30)-(34) is in
fact expressible as a discrete three-dimensional Fourier convolution. Thus, it can be expected that
the solution procedure for the coefficients 34247 and 8857 be greatly simplified by introducing the
Fourier transforms

88.18.0)=F T 8B £7° ¢ (51
ro9
and
A (00) = T T 8L o7 M. (52)
ry
In fact, combining Eq. (30)-(34) and (43)-(52), it can be shown that
.
< ) H18.0) 88,(0.0) i Foo(—0.-9) | 88.(-8.-0)
(8.0) BAL18.6) - | u® F1(8.6) - — - ‘
.Z-‘F( 0) B4, 18.0) [u F1(8.0) (l_'.o)“-,w)] 2 _?';',L tm=1) 2i
58, —%-0) =
+|ina® + L®.0) o2 5 [m 4} Foul08) = Ga(80)) 8B, (8.0) =
(L=e")(l~e) 2i e :

Bo . ]
~ 850 '2—:‘ [' 24 Fy8.0) =2’ Fyl0.0) + GAB4) + G:(0.0)]

- B [
-3 m &ALl [F...(e.m + (-1 F-..(o.m] + b5 —_,—:— [F.(e.o) + F.(0.0)]

- B: .
-7 5 {m 8o [G.,.(e.e) + (=1 G t(0.0) - a® (m+1) [F,,.,(e.o) + (=1 F,,,,(0.0)]]

mal

~ 850 [F.(e.o) + (=) F..(0.0)]

- 82 . —- BOp o
-% 5 e [F..(-a.-oy + (-1 F.w.m] - & E:‘ [F.(—e.—o) + F.w.o)}
s -
- B5en T:— [F.(e.o) + F.(u.())] (53
h I'd
- - - o) em) 58..(0.6)
ZI [d' [ P ] F....(O.o)li&\.(e.O)-* Z‘a' [[ ' j CuuriBO) +a” g\,ﬂ‘f F,_.,..(B.O)] -
1 8B (60 o se 58 (0.8) (v 58,16.0)
e e s M=l af Gut88) + (1T @' FLa(80) — — F,(8.6) — =
ta 2§ L 2i ' 2i

8 f‘_!_'" rarle e e F (0
—Oimn Py le A moret{8.0) +(—1) s o1(0.0)

mel

[

1 B
() :‘L [(I*I)me [G,,;(G.O)H—l)’ G,,,(U.O)]
-l

J
a2 B | F,u8.0) + (1Y F,,.(o.(n) =S5 Foal8.0) + (=Y F...(U.O)}
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- 7—”’ 0 r \
-2, —2— (m+1) 850 G o i(0,0) + (=14 G,,,,,,,(o())J E’;{F..,(e.o)ﬂ—l)‘““" F,_.,(O.O)J'
fl-m 1t B? - -

+a? :+1J55m(m+:+l) Fryoes2l0.0)+(— u"""F,,,,,,.(um —(~-aV ——6:... Fra8.0)+(~1) F, (0.0
(54)
84 ,(6,4) had 8B.(8.4) = 58, (-8.—%)
' + 3 0 Fa(B4) ——— + zar<-e-¢)——_¢—
a mel 2i mal
- go [ 1
=~a b Z 31 m {Fan(0.0) + (=07 ...|(00)]J
.[}: [ mell=8.0) + (-1)" [ (0.0) } (55)
L=l
- ! | 5B.(6—4) 5B0.6) r | 8B (-6.~6)
84,04) - ¥ [ = F..,(—e.—e)} UL LI A ) el
mald 2 2i 2i 2 2
= B, m (m+]) a? [ o 4| E———
= 8w T 5T [F...:(-e.—w + (=1 F...z(O.O)] (56)
mal| N
and
f )
1 8B, ,(8.4) = l—m+l g | 8B (<B.-0)
7 BA/(00) + — _T_-..%[L . J o FreB8) 37
e 8B ,(=0,—6) By
- 1"{’—’ Fi=0) —— =& [(—a Y 55 [r..,(-e.-o) + -1y F,..w.w]
o {=mH L (mer-ty B [—-—-_ ,_]
. om0 F Y- X 5
+.}_::[ ( ]u el vl MG TR G il T (57)
where
Fa(8)= 3 — T eV o=, (58)
ra ry
A 0.0)
and
Gul®) = T TLeirVent oo (59)
r« ~
O}
Hoo =S I Feow | Fwen | Spiwen erY et (60
ra. :N :V"“l ’rly-') J!f-lly-l)
(I F
£10.6) = Z'“l S~ -"nr-nw-n 1 ety one, (61)

ra l‘v- E1EY] 3'-1.4-“ |

. I . .
Note in Eq. (60) and (61) that the tenms == and In :x,, y are ignored if (r5)=(0.0). Funher, the con-

vention on the order of summation, .ﬂrc.:dy discussed in connect
array, is also selected here. Finally, note from Eq. (50) and (S1),

58 10.0) = 0.

STABILITY ANALYSIS

ion with the How past a regular

that

(62)

The solution of Eq. (53)-(57) provides a representation of the coefficients 88¢Y and of the

associated function 88,(6.6) in the form
88N = o™ By + P oo
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-z, T (m+1) 8500 Gt o1(0.8) + (=1 G-,,,,(OO)j-&T.’,LF_,,(eo)H Iy r,,,,(oo;J
i ( B :
+a® ~,+,Jﬁsm¢m+nll Frncie2l0.0) 4 (- n"'"“F...,.‘(UO) -y —-—6:... Frateor+ -1y Frat00)
(54)
84 ((6.¢) = 5B.(8,6) = S (0.—9) o
— + T 0 Fal08) ——— 4+ T a Fo ) s
a P 24 mal 2i =
S B ] Sigés
=-a 8san{ 3 37 'lF.u(e.d‘) + -1 F-.|(0-0)]} =
mai ® 3B
,r" By o5
—e & Y [ Fait=8.-0) + (-1)" ....(00)] (55) s
L=t ' 5
Soom
: B.(6%) 88.6.) | 5B (80) A
BAy(04) - ¥ ["'_2"_ Jagproer ey ] T '” - "T Fi6-9 _.'T'___ =
mal _ - sy
o Ba mim+l) a? {———— o —-——-] =
- o o | Fr el =0; o D IR (T 56 b
bim T 57 > Faed 09 + (=11 FL30.0) (56) =
1 1 5B, ,(6.4) J—y 58 (-6.-0) :@
~ B4, (B.0) + —s —=—— - ! J Faac(8.8) | —2om— e
a a'™ 2i ...z L 2i -
N Y- gy oS ar =
- ‘l"— Fi— ——— =&y, [(-a Y 5% [r,.,<—e.—o) + -1y F,..(U.O)]
[l (mer-1y 82 [..__.. ._..__]
Lo 27 (e ESeY + (- U0 57
+_);:{ . ]u o) 37 e BO) + (1) LT 57)
where
Fa(66)= 3 + e N =1 (58)
ra SN
U (0.0)
and
G, (0.9) = Z '{L:L erY et m=2, (59)
ra ~
a0
11(0.0) = Z: .IL"._ - ’-v-w - -‘-m-n . i-Cr-ilw-h PrlpeT (60)
PO .,--n, Spig=tr  Sipetng-ny
F
L18,0) = zlnl il | e e, (61)
ra 1 5vetyy Jpgen |
Note in Eq. (60) and (61) that the tenns 23 and In ,x,, ' £ are ignored if trs)=(0.0). Further, the con-
3.,
vention on the order of sunmation, already discussed in connection with the flow past a repular
array. is also selected here. Finally, note from Eq. (50) and ($1), that
88 40.0) = 0. (62)
STABILITY ANALYSIS
The solution of Eq. (53)-(57) provides a representation of the cocfficients 88¢Y and of the
associated function 88,(8,6) in the form
88 =™ Bsgy + P S (63
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and

58,(8.0) = 8.8) Ssg + 48.0) Kire (64)

The variation of the force exened by the fluid on the fiber rs due to the motion of the cylinder 00
can thus be expressed as

SF" =3 Ru 87 m(dinpa® )b+ (4inpp’)&m (65)

Relying on the superposition principle discussed in the previous section, it is found that the varia-
tion of the force exerted on the cyhinder is due 10 the motion of all cylinders, is

8Fam LT [(4inp a0y ey v (ainppemien B (66)
r 9 )

Separating the real and imaginary components, it can be shown that the above relation can be

rewritten in the form
voFI) SRR e am]
| J ppIp> 67)
r 9

| 6F ) FATRAGR £ A N -t
where
Bspy = By, +17 By, (68)
S0 ==ttt + I8 (69)
I &y ndnp{Rr(b’“) Re(u’")] (70)
j(_"{s-ixp{kf(u”)#kf(b"):'l (7H
f?!“nu{’"ln([y"‘)-lmx(u"')] (72)

In the above relations, the notations Img(z) and Re(z) designate the real and imaginary pans of a
complex number .

It is seen from Ey. (67) that the fiuid act as a “series of springs” since the forces are propor-
tional to the displucements. For stability, the stiffness matrix must only possess eigenvaiues with
positive real pants. These eigenvalues, denoted in the sequel by A and their corresponding eigen-
vectors [.,..Iu,., 8y 8%y 01 OVpryony | salisfy the following equations

(i g fan] e
Z Y a t==A"

— R X TE] Irep e} wad s
e VAL i J 18 L&
For all » and s, note that the lefi-hand side of the above condition represents a discrere two-
dimensionai Fourier convolution, Thus, introducing the Fourier transfonns

(73

i

8.0y ==F T bu,, et (74
r 9
5v18.0) ==Y F by, TV ! (15)
o
r ————— —
fi80)==F T il et et =2npi [axe.op + }8.0) = w-8,~0) - b(-e.-o)J (76)
roy
and similarly
SiB0r = =2 np  fO.0) - wB.0) - G-B.0) + Pi-B-0) (77
S8 ==2np [uxe.a) +BiB.o) + al~B,—9) + i\j—e.-o)] (78)
[p@®)==2iny [me.o) - P(8.9) - al-8.~%) + -e.—o)] (9%
it is found that Eq. (73) reduces to the 2x2 eigenvalue problem
ful88) £308.0)} [ (0.0) ac(0.4)
[1:18.0) f;;(B.O)J 5v(8.9) =M eviem | (80)

The eigenvalue X must be such that a nontrivial solution of Eq. (80) exists. This is achieved when

181




“r a2 .
T (8.0) = [2:(8.6) - + 4 [3(6.6) f1,168.0) (81)
P Pl .
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.
Am- o [/.,(e.o) * ) 00)] 2

NUMERICAL RESULTS

In order 10 illustrate the above theoretica development, two syuwre arrays have been cop-
sidered: the first one is unstaggered with 2 distance between fibers of v3 while the second one 18
staggered at 45" with a unit distance between finers. In order to numerically simulate the specific
order of summation associated with Ey. (41), (42) and (58)-(61). the domain of the indices p and
¢ was selected 10 be (o 1€ [=10. 10)x (=300, 5000 ). A good matching with the theoretical results of
EE Drummond and Tahir (1984) was obtained.
Shown in Fig. 2-6 are contour plots of the values of the eigenvalues comresponding 10 fiber
radii. 0.1, 0.2 and 0.4 which reveal that the array is unstable for all of the cases considered. Note
that the mapnitude of the most negative eigenvalue increases s the fiber diameter increases, of
equivalently as the density of fibers increases.
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CONCLUSIONS
In an auempt to explain the phenomenon of fiber clustering in thermoplastics, the low Rey-
nolds number flow through an array of rigid cylinders (modeling the fibers) has been investigated.
Specifically, the present study emphasized the determination of the forces exened by the viscous
fuid (the resin) on the cylinders for an arbitrary array, These results were then used to study the
stability of a slightly imperfect square amray of fibers. The stubility analysis reveals that
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(1) within the assumption of low Reynolds number, the stability of the array of fibers is
independent of both the How velocity and the fluid viscosity.

(2) the ammay of fibers is unstable, that is, small deviations of the fiber locations from a perfectly
regutur square, staggered or unstaggered, array will lead with time to a disordered arrange-
ment of fibers.

(3) the magnitude of the most negative eigenvalue which quantifies the rate at which the
disorder grows, increases with the concentration of fibers,

(4) the value of the most negative eigenvalue and the comresponding mode of instability do not
appear to vary substantially with the staggering.
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CURING INDUCED MICROCRACKS IN POLYMER MATRICES
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ABSTRACT

The objective of the present two-scale model describing the evolution of the connectivity,
stresses and temperatures in a polymerizing thermoset slab is 1o estimate the damage incurred
during a typical cure cycle. The mean-field (macro-scale) part of the model couples equations
of heat transfer, rate of chemical reactions (governing formation and rupture of crosslinks)
and visco-elastic deformation in the slab. The micromechanical part of the model explores
the influence of the disordered microstructure on the stress concentrations and rupture of
overloaded bonds. Two parts of the model are intrinsically coupled through the fraction of
existing bonds.

INTRODUCTION

Mechanical response of polymer matrix composites, and ultimately their strength, is strongly
affected by the residual stress and submicro- and micro-defects induced during the curing process.
The magnitude of residual stresses and the size of micro-defects depend on the chemical process,
thermal gradients and stresses developed during the polymerization. Consequently, optimization of
the curing process, i.e. minimization of the performance limiting birth defects, is undeniably an
important task with far reaching consequences. However, the inherent complexity of the
phenomenon, coupling exothermic chemical reactions, heat transfer and the damage evolution
resulting from the attendant emergence of the stress and strain fields, defies easy solutions. The
complexity is augmented by the disordered and evolving (time dependent) microstructure of the
polymeric matrix and its effect on the local fluctuations of swresses.

A majority of the already existing phenomenological continuum models are, with a varying
degree of rigor and success, focused on the determination of the mean-field (volume averaged)
estimates of the macro-stress and temperature. However, the mere fact that a resin specimen survived
the curing process in a single piece implies that the (average) rupture strength of the specimen
exceeded the mean-field curing stresses at all times. Yet the inevitable presence of the ubiquitous
microcracks, attributable to the chemical and thermal shrinkage, is a convincing testimony to the fact
that the stress fluctuations did exceed the rupture strength of the polymer network locally at some
time of the polymerization process. Indeed, the gossamer architecture (Zallen, 1983) of the newly
formed gel backbone is replete with defects of all sizes and shapes. Hence, substantial stress
concentrations must be expected during the early stage of the curing process as a rule rather than as
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an exception. Further evolution of the damage nucleated just beyond the sol to gel transition can”

subsequently occur as a result of thermal shrinkage during the cooling phase of the curing process
(Guz, et al., 1988).

The objective of this study is 10 provide a first stage in the development of an analytical
model describing, ever so roughly, a set of coupled physico-chemical processes referred: 10-as
polymerization. More specifically, the analyses are focused on the competing mechanisms of
chemical reactions during which the crosslinks are formed and the mechanical causes of crosslink
ruptures. Primary interest of this study centers on the influence of these processes on the mechanical
performance of the polymer and its residual strength. In view of many assumptions and
simplifications, introduced into the model at this stage of its development, no pretense is made with
regard to the numerical accuracy. Rather than fitting 2 particular curve for a particular resin
subjected to a particular curing process, the primary focus of this study is placed on the replication. of
tlt:e dominant wends in mechanical behavior during the polymerization process of a generic
thermoset resin,

KINETICS OF THE POLYMERIZATION PROCESSING
THERMOSET RESINS

Polymerization is a complex process during which the colliding polyfunctional monomers
react by crosslinking and form geometrically irregular three-dimensional networks. On the specimen
or macro-scale the material during this process changes it phase from a viscous fluid to a glassy
solid. On the micro-scale the same process is observed as a change in connectivity as the colliding
monomers crosslink into m-mers. The exothermic reaction of crosslinking is accompanied by
chemical (cure) shrinkage.

The early models of polymerization can be divided into two classes. One class of these
models emphasized diffusion limited aggregation. The mean-field description of the m-mer
model is, in this class of models, based on the Smoluchowski kinetic rate equation (for a lucid
discussion of these models seec Martin and Adolf, 1991). Despite their success in replicating the time
dependence of the m-mers these models do not involve spatial correlations (shapes of m-mers and
the spatial distribution of microdefects). As such these models are of limited use in the present case
in view of the objectives of this study.

The seconc class of models (de Gennes, 1976, Herrmann, et al., 1983, Leyvraz, 1990, etc.)
simulates the polymerization process by a bond percolation on a lattice. According to this model
monomers are placed (actually fixed in nodes of a selected lattice). The bonds are subsequently
allowed to form in a random sequence until the backbone (infinite cluster or gel) emerges when the
fraction of formed crosslinks p reaches the percolation threshold p.. The geometrical form (or type)
of the lattice depends on the functionality of the monomers. Though deceptively simple and
conceptually alluring, the model, nevertheless, has at least two deficiencies. Firstly, monomers are
rather mobile at low levels of the connectivity p (prior to the formation of the gel) and can hardly be
modeled as being fixed in nodes of a fattice. Secondly, the distance berween monomers are measured
in Angstroms. Consequendy, the defects in these monomer lattices (measured by multiples of
distances between monomers) are submicroscopic and, therefore, much too small 10 be of concern as
stress concentrators or potential nuclei of micro-defects.

Both of these shoricomings were resolved in the polymerization kinetics model suggested by
Martin and Wilcoxon (1989). According to this model the early stages of the polymerization process
are dominated by diffusion limited aggregation of mobiie monomers into nodules (or aggregates).
This aggregation occurs simultaneously at many points within the melt. The growth of this nodules
is governed by the Smoluchowski rate equation. These nodules grow exponentially with time until
they fill the entire space and become practically immobile. At this point their radii become equal to

the spatial correlation length & (proportional to the probability that two monomers, belonging to the
same cluster are separated by the distance r).

The second phase of the polymerization process, according to Martin and Wilcoxon (1989),
is dominated by crosslinking of virtually immobile noduies into larger clusters of nodules. Hence,
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considering nodules as "renormalized” monomers fixed spatially into lattice nodes, the second phase
of the polymerization process may, indeed, be simulated as the bond percolation on lattice.
Assuming that bonding will take place only between the closest neighbors the cubic lattice represents
both the simplest and most appealing choice. The nodule diameter is typically between 0.02 and 0.08
pm (Mijovic and Tsay, 1981, Martin and Wilcoxon, 1989), (i.c. at least two orders of magnitude
larger than monomers itself). Consequently the voids and defects in the lattice will be measured in
micrometers. As the nodule clusters become larger, an "infinite" macromolecule (gel) emerges
spanning the entire specimen and endowing it with an initially minuscule shear strength (or more
rigorously specimen shear stiffness). The spanning gel is still encapsulated by the surrounding
viscous fluid referred to as sol. The stiffness is the second derivative of the Gibbs' energy with
respect to the stress (Krajcinovic, et al, t.a.). Thus, the described sol to gel transition can be
classified as the second-order phase transition. Shear compliance (or its inverse shear stiffness) of
the specimen exhibits singular behavior at the sol to gel (or phase) transition. The fraction of the
existing bonds between neighboring clusters will be labeled by p and the percolation threshold (at
which gel emerges) by p,. Physically, the sol to gel transition is a transition in connectivity from the
short range connectivity of isolated nodule clusters to the long range connectivity of the gel. In
defining the characteristic length the conventional spatial correlation function & must be replaced by

the connectivity correlation length R, defined as the z-average cluster radius.

The stresses attributable to chemical shrinkage are negligible prior to the sol to gel transition.
As long as the nodules may move as rigid bodies the stresses associated with shrinkage of chain
links connecting individual monomers cannot be substantial. At the percolation threshold p= p,
both the stresses in individual links and the strength of the polymer are equal to zero. As the fraction
p of the bunds connecting adjacent nodules increases beyond the percolation threshold p, both the
stresses and the strength start growing. The average (mean-field) stresses G depend only on the
lattice connectivity p and temperature 7. They can be estimated using appropriate mean-field
models (Martin and Adolf , 1990, Mallick and Krajcinovic, 1992). As already suggested, the mean-
field stresses & should at all times (and all p between p. and 1) be smaller than the specimen
srength if a polymer is to survive the curing process.

However, in the phase of the curing process just beyond the percolation threshold the gel
geometry is very irregular, i.e the lattice is inundated by voids of all sizes and shapes. The attendant
stress concentrations should and do exceed the mean-field values by an order of magnitude and
more. These local stresses can be sufficiently large to cause rupture of some of the bonds subjected
to largest stresses. Rupture of these highly stressed bonds relieves the stresses but at the same time
represents the nucleus of the defects attributable to the curing process. In extreme cases the macro-
failure may be attributed to these "birth” defects.

The classification of the sol-to-gel transition as a second order phase transition (see Zallen,
1983, Stauffer and Aharoni, 1992, etc) is not only of academic significance. Much more importantly
this means that the process of crosslinking of nodules can, indeed, be simulated by the bond
percolation problem on a lattice. This in turn means that this apparently random process exhibits
certain universal trends robust to the details of microstructure and actual crosslinking sequence.

The universal trends of the sol-to-gel transition are reflected in the universality of the
crosslinking level p= p. (where p is the fraction of the crosslink, or the probability that a given
crosslink exists) at the percolation (connectivity) threshold. Additionally, the singularity of the shear
compliance at the percolation threshold scales as |p= pCIT (Martin and Adolf, 1991). The shear
compliance is the order parameter since it exists only for p2 p,.. Also ]p= pcl is the proximity
parameter. The scaling exponent T depends only on the dimensionality while the critical
connectivity at the percolation threshold p. depends on the dimensionality and the coordination
number (number of closest neighbors) of the lattice.
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ANALYTICAL MODEL
Mean-Field Model

According to the present experience the thermosetting resins such as epoxies can develop
significant stresses during cure. These stresses principally arise from the shrinkage caused by
chemical reactions in the material (Rozenberg and Irzhak, 1991, Korotkov et. al, 1991, etc.). A
number of experimental and analytical studics have been devoted in the past to the estimation of cure
sresses in polymer matrix composites (Hahn and Pagano, 1976, Loos and Springer, 1983, Bogetti
and Gillespie, 1989, etc.). These studies focused on the formulation of continuum phenomenological
models needed to determine the evolution of the elastic modulus of the gelling material with the
degree of cure. In reality, the visco-elasticity of the crosslinked polymers is much more complex
than assumed in these models. The viscosity can be traced not only to the changing connectivity p
(loosely related to the degree of cure) but also the dynamics of the polymer chains (reptation, etc.)
within the network. However, since the incipient gel is a self-similar structure, a change in the
degree of cure essentially results in a mere change in scale of the cluster size. Thus, with a suitable
rescaling of time, it is possible to derive a universal relationship for the time-dependent viscoelastic
behavior of the curing polymer referred to as the time-cure superposition principle (Adolf and
Martin, 1990).

To illustrate the salient aspects of the problem consider a polymer slab of constart thickness
2h, infinitely extended in the (x, z) plane. The surfaces of the slab y=xh, are stress free and
exposed to the temperature (controlled in the autoclave) which does not change with respect to x and
z coordinates. Accordingly, both the temperature and the mean-field stresses are functions of the
time ¢ and coordinate y (defining the position across the slab thickness) only. Extension of the model
to more complicated geometries is conceptually, if not computationally, simple.

The heat conduction problem is governed by the well known partial differential equation
(Loos and Springer 1983, Ciriscioli and Springer, 1990, Mallick and Krajcinovic, 1992)

AoT)_ 2 [kg]'*'PHT%’ W

The second term on the right-hand side of (1) is the contribution of the heat liberated in the

exothermic reactions (crosslinking). The density p, thermal conductivity k and the specific heat §
are assumed to be constant (independent of the degree of connectivity and temperature) for the
duration of the process. Also, Hr is the total exothermic heat energy generated during the course of
the reaction. .

The differential equation governing the rate of the change of bonds in the percolation lattice
is often concealed in the literature as the equation of the chemical kinetics (Kenny, 1988, Mallick
and Krajcinovic, 1992, etc.). However, in most of these cases the rate equation is not complete,
Change in the number of bonds connecting nodules, occupying the sites of the lattice, results from
the competition of two simultaneous chemical processes. One process, typically considered in the
literature, consist of the formation of bonds through chemical reactions between two adjacent
nodules. The second process, often neglected in ventures of this kind, consists of the rupture of the
highly stressed existing bonds.

Assuming the considered chemical reaction to be of first-order, the rate at which the bonds
form must be proportional to the number of potential sites at which they can form. The total fraction
of these potential sites must be equal to the fraction of the missing links (I - p). The coefficient of
proportionality reflects the fact that some of the collisions (occurring between two monomers with
nadequate kinetic energy) will not be effective. Thus, the proportionality factor (rate constant) must
be defined as an exponential function of the activation energy U, and temperature T leading to an
Arrhenius type of equation. The rate at which the bonds rupture presents a less enjoyable task since it
also depends on the unknown stress G in the bond. The rate at which the bond rupture must be
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proportional to the density of the existing bonds p = % where N, is the existing and N the total
number of bonds in the lattice at p = 1. Thus, the total change in the density of bonds is

o _[4 (U N1fa o _Vo=19;
E_{Mp( ;:f)}a ) zN{f;e -t ]} o

fo i=1

In (2) £, = 10-13 sec is the period of free thermal vibrations of an atom , kp = 1.38:10-23 J oK
is the Boltzmann's constant and A, is a rate constant for the reaction. The bar above the symbol

denotes average over the (x, 2) plane. The quantity can only depend on y and 1. The sum in (2) is
taken over all existing bonds N,. The basic problem with the equation (2) is that the stress in the i-th

link 6; may, and as a rule will, substantially differ from the mean-field estimate @ . Assuming that
all links which will rupture in a given instant of time are subjected to the same (high) stress 0; = g0
where ¢ is the stress concentration (or overload) factor the differential equation (2) may be recast
into a more palatable form

ap Ao Ua Aa Uo - 76
e {T:CXP(-;;-T‘J}(I -p) —{TCXP(_—kaT )}p 3

The coefficient y (often referred to as the activation volume) embodies the bond stiffness and the
stress concentration factor . The accuracy of the expression (3) can be expected to be quite good as
the connectivity p approaches unity. However, the stress concentrations will be quite severe in the
period during which the emerging gel is of very irregular geometry.

Since all slab boundaries are free of stresses and assuming that the dead weight is negligible
the only non vanishing macro-stresses (equal to each other) are G, and @, As shown in (Mallick
and Krajcinovic, 1992) the constitutive relationship of the material relating the average (mean-field)
stresses and the rate of change of eigenstrains £ * is

o, (.0+—

L0 1 WP _9E .,
% J'—x-ox(y,t)——6‘j’0(y,x X )= )

where G is the cure and time dependent shear modulus and ¥ the reduced time variable defined on

. the basis of the time-cure superposition principle (Adolf and Martin, 1990)

t
2O =c[{p()- p(:"}* ar’ (5)
[

In (5) c is a constant. Furthermore, in (4) £* is the isotropic eigenstrain in the material due to
chemical shrinkage and thermal dilatation £* = £, — £g,. During the chemical reaction two reacting

monomers reduce their distance in order 1o artain the equilibrium position. As a result, the molecular
chain link experiences chemical shrinkage. The chemical shrinkage in the slab is proportional to the
number of formed bonds , i.e. the p above the gel point

) 2 6)

Esh =§f 1-p
c
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where Ef is the final shrinkage strain at the end of the cure (p=1). The thermal strain is 4 = & (T-

Tc) with o being the thermal expansion coefficient for the material, while T = T at the percolation
threshold. In deriving the above equations it was assumed that the bulk modulus of the material is
independent of the connectivity p, i.c. that the polymer response to hydrostatic stresses is
independent of the sol content. Hence, the material is assumed to behave viscoelastically when
subjected 1o shear stresses, and elastically in hydrostatic state of stress (Lee and Rogers, 1963).

A

450K

Temperature

298K

Y

3 5 6
time (hours)

Fig.1 Variation of autoclave temperature with time

The system consisting of the differential equations (1) and (3) and the non-homogencous
integral equation (4) are coupled and hence cannot be soved analytically in a closed form. The mean-
field estimate for the temperature T, connectivity p and the stress T can be obtained numerically at
an arbitrary time ¢ and position y by discretizing the time scale into finite time steps (Mallick and
Krajcinovic, 1992). Results of these computations, performed for the curing cycle shown in Fig. 1,
are displayed in Figs. 2 and 3. As expected the average stresses are largest at the middle of the slab.
They increase during the entire cure cycle and their spatial gradient remains more or less unchanged
with time. The rate at which the swesses grow is slow at the beginning of the cure cycle. However,
the stress magnitude increases significantly after the sol-gel transition.

Latice Model

The mean-field estimates of the temperatures and the stresses present just the first step in the
analysis of cure induced defects. Local failure of the material is, obviously, predetermined by the
local, rather than average, stresses. However, determination of local stresses within a severely
disordered microstructure is by no means a trivial task. In fact, computation of local stresses can be
done only by discretizing the slab. In the present case the discretization of the slab into a network of
nodules connected by bonds has already been discussed in the context of the percolation model of
the polymerization kinetics. The slab will be approximated by a stack of uncoupled two-dimensional,
finite, plane square lattices embedded in (x, z) planes. Since the slab is considered to be infinitely
extended in the x and z directions, variations of displacements in these two directions are zero and

£, = E, =0. Consequently,

E*L +i, =0 and E*L,+i, =0 ¢))
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Fig.2 Variation of curing stresses with time
across the thickness of the resin slab
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Fig.3 Evolution of stresses with time at the midplane y =0 and
on the surface y=h, of the slab.

where £* is the average eigenstrain (resulting from chemical and thermal shrinkage). Also, L, and
L, are the lengths of the network in x and z directions. Finally &7, and &, are the displacements
imposed on the boundaries x =L, and z = L, to satisfy the conditions £, =&, =0 (assuming x=0
and z = 0 are fixed). In the current analysis L, = L, = L such that
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Ex=ﬂzzﬁ=-E*L=—E*Nf 8)
In (8) L= N{ where N is the lattice size and £ is the bond length (internodular distance).

At first glance it seems that the central-force lattice (truss) is the simplest and
computationally least expensive alternative. However, as indicated in Beale and Srolovitz (1988) the
dilution of trusses leads to internal instabilities of the central-force lattice resulting in a response not
typical of real materials. Moreover, the behavior of the lattice in the neighborhood of the percolation
point is dominated by the bending effects (see, for example, the discussion in Sahimi, 1986). It
should also be remembered that the percolation lattice is obtained by renormalization, i.e. that the
sites are occupied by nodules rather than individual monomers. Thus, the bonds between two
adjacent nodules are not single atomic bonds but bundles of bonds which are indeed endowed by
flexural strength and stiffness. Thus, the frame seems to be the simplest trouble-free discretization
available. In this approximation the bonds are approximated by beams which are able to transmit
bending moments, transverse and axial loads.

R R I

In a disordered microstructure fracture is a statistical event described by probabilistic laws
(Kausch, 1987). Load and temperature to which a specimen is subjected activates a multitude of
processes resulting in the change of its microstructure. It is obvious that it is not possible to predict
with any cerntainty the onset of a particular molecular event at a particulate time and location.
However, the events such as rupture can be described probabilistically leading to reasonably good
estirmates.

The rate theories of fracture (Regel, et al., 1974, Kausch, 1987, etc.) are based on the premise
that the rupture of a particular bond is controlled by temperature and stress in an equipolent manner.
More specifically, it is assumed that the rupture is not an instantaneous event. The stress serves
merely to lower the energy barrier (activation energy) while the failure occurs as a result of spikes in
the thermal energy associated with synergisms in the chaotic motion of atoms. The experimental
measurements of the time to rupture t; of tensile specimens made of polycrystalline solids, single
crystals and polymers are fitted well by the exponential expression (Regel, et al., 1974)

U 5
1, =1, exp( oka}'G) ®

using the same notation as in (2). The term Yo represents the work of the stress in the bond which
reduces the potential barrier Uy. The expression (9) is derived for uniaxial tension of a specimen, i.e.
a homogeneous state of stress. In the case of a link in bending instead of the global criterion it
becomes necessary to consider the rupture of the cross-section subjected to maximum stress. Thus,
instead of (9) the time to rupture can be estimated from

-———-———Uv’“‘a"‘Mfef)) i=1,2 (10)

=1, exp( "ol

In (10) M; are the bending moments and 6; are the angular rotations at the two ends of the beam.

Numerical Simulations on the Lattice

The discrete part of the proposed computational model includes the following steps:

(a) The process is started at time ¢ = 0 when the individual nodules are disconnected. Links are added
randomly to the system connecting the nearest neighbor nodules placed into nodes of a regular
square lattice. In this regime (0 < p < p.) the lattice does not possess any shear stiffness. It is

148




assumed that shrinkage stresses are local and very small during this phase leaving the network
structure unperturbed.

(b) At the gel point (p = p,) the infinite cluster of links traverses the lattice endowing it with shear
stiffness and strength. Starting from this point the formation of new bonds will result in shrinkage
" strains and stresses within the gel (backbone) cluster.

The state of lattice at ¢ =1, is defined by py, T1 and Gj. To determine the temporal change of
state during a short interval of time At it is necessary to compute the increments Ap, AT and AT,
solving the system of equations (1), (3) and (4). However, the rupture of links depends on local
rather than average stresses. In other words the second term on the right hand side of the equation (3)
provides only a rough estimate of the number of ruptured links. To compute a better estimate it is
necessary to determine local stresses o; in links through the stress analysis of the lattice (frame).

(c) For a selected time interval At, the state variables p;, T, and ©; are computed for the state of

the lattice at 1, =) + At . At this time, the incremental displacement imposed on the boundary of the
network due to shrinkage can be computed from (8)

Ay, 1) = ':Ef{é—;gf—)}— abT (3,1 )]NZ an

c

where Ap =ps-p;, AT =Tz -T;, The nodes on x = 0 and z = 0 are fixed to preserve symmetry. The

nodes onx =L and z=L are attached to rigid walls which are subjected to the displacement A as
determined in (11).

(d) The angular rotations (6;, 0,-) and the bending moments M; and M; at the ends of each link (if)

are determined using the methods of conventional frame analysis. The equations of equilibrium are
solved by the conjugate gradient method (Golub and Van Loan, 1989). The average forces in the

links are computed from the mean field stresses & multiplied by the tributary area (!2). The
maximum stress in a link is computed from the greater of the bending moments at its two ends, M;
and M;.

(e) The mean time to rupture tf is computed for each bond k from the expression (10). Bonds are
then visited in ascending order of their time to rupture. The probability of failure of the bond &
within the time step Ar is computed from

Pir = l—exp(—ﬁﬁ] (12)
T

The rupture of a link is decided on the basis of a simple lottery. For each link k, a random number py
is chosen such that 0<p, <1. The bond k ruptures if p; > py.. A ruptured link is removed

permanently from the system. The load it was carrying is redistributed to the surviving links relaxing
the system to the state of minimum energy.

(f) After all the bonds in the network have been visited, the bond breaking process is stopped. The
total number of ruptured links in the current time step is computed and compared with the estimate
defined by the second term on the right hand side of equation (3). If the difference is large, the time
step is reduced, the predictor is corrected and steps (c)-(¢) repeated.

(g) The simulation is terminated when the probabilities of failure of all bonds in the network become
negligible.
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RESULTS OF NUMERICAL SIMULATIONS

The numerical values for polyethylene were used in the simulation (Termonia et al., 1985,
Regel, 1974 ) in absence of the appropriate data for the thermosetting resins. In particular, E = 300
GPa, y=3.65x 1030 m and U, =2.2 x 10-19 J. The constant A, in (3) was taken as 1.32 x 104 sec
1o replicate the cure kinetics of the resin Hercules 3506. The thickness of the beams, a, was assumed
to be 5 x 109 m and the lattice spacing £ was taken as 2 x 10-8 m (Martin and Wilcoxon, 1989). The
constant ¢ in (5) was taken as 3.16 (Mallick and Krajcinovic, 1992).

Figures 4 and 5 show the results of numerical simulations on a 12 x 12 lattice for two
different locations in the slab : (a) the surface (y = h,) and (b) the mid-plane (y = 0). The average
force, the maximum force and the ratio between the maximum force and the average force (i.e. the
stress concentration) are plotted vs. time in Figs. 4(a) and (b). Although the average force is small
just beyond the gel point, the stress concentration is very large. This results from the fact that the just
formed infinite cluster has an irregular structure. The constituent beams resist the shrinkage
deformation by flexure subjecting some of the bonds within the gel to very high bending moments.
With the progress of the reaction more bonds are added to the structure and the network becomes
more ordered. As p tends to 1 (perfect frame) the beams will resist the shrinkage displacement in

- axial mode with no bending at all. The rate of increase of shrinkage strain decreases with time as

well. Consequently, the stress concentration reduces monotonically and the rate of growth of the
maximum force diminishes significantly as the reaction nears its completion. The maximum force is
significantly higher in the middle of the slab than on its surface. This is attributable to the fact that
the center experiences a higher rate of crosslinking, locking in higher residual stresses at a stage
when the network is still very irregular and sparse.

Figs. 5 (a) and (b) show the changes of the fraction of reacted, existing and ruptured bonds in
the network with cure time. The rates of growth of these fractions diminish as the cure progresses.
After the gel surpasses the critical regime, the rate of increase of shrinkage strain and consequently
the energy term M;6; in (10) becomes negligible. In addition, as the temperature of the lattice starts
to descend to room temperature, the time to rupture for the bonds increases significantly.
Consequently, the adaptive time step of the simulation can be increased as well. The simulation is
terminated when the probability of rupture of the most highly stressed bond becomes negligible. The
fraction of ruptured bonds reaches a saturation level near the end of the cure process. It is important
to notice that the damage is much larger in the middle of the slab where it cannot be easily detected.

It is also observed from Figs 5 (a) and (b) that the fraction of broken bonds is considerably
higher in the center of the slab (y=0) than at the surface (y=h,). This can be explained from the
following two facts : (1) the rate of addition of bonds in the center of the slab is higher, resulting in a
higher rate of shrinkage strain; a larger fraction of bonds are subjected to high bending moments and
hence susceptible to failure in the center of the slab, and, (2) the center of the slab attains a higher
temperature due to the exothermic nature of the chemical reaction, reduces the time to rupture for
individual bonds and enhancing the probabilities of their rupture. Higher temperature also results in a
higher thermal shrinkage effect in the center of the slab.

The results of the simulation, although executed on a relatively small size of lattice, brings
out the essential features of damage evolution that is to be expected in the post-gel regime. The
maximum forces occur inside the network where the stress concentrations are high. 1t can be
postulated that the micro cracks originate from a small avalanche of failures of these hot bonds
located in a close neighborhood. The concentration, distribution and the shape of these defect
clusters are likely to determine the strength and integrity of the cured specimen.
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SUMMARY AND CONCLUSIONS

The basic premise of this study is that the estimates of average (macro or mean-field) values
of stresses and temperatures during the gelation of thermoset resins do not suffice to determine the
initial damage ("birth defects"). The damage attributable to the curing process is directly and
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inherently related to large fluctuations in the stress and temperature fields and the level of the
microstructural disorder.

The principal variables defining the considered processes are temperature, stress and the state
of the connectivity (related to the degree of cure). The source of the stresses are gradients in
temperature and chemical shrinkage associated with the formation of the crosslinks. The attendant
change of volume can be defined by means of eigenstrains. In the mean-field approximation the
volume averaged values of these variables can be determined solving the heat transfer equation, rate
of the chemical reaction equation and the inhomogeneous integral equation relating macro-stresses
and eigenstrains. These three equations are intrinsically coupled since the shear modulus depends on
the connectivity (fraction of existing bonds p) and the rate of the bond formation on the energy
barrier (i.e. temperature and stress).

During the early stages of the gel formation the microstructure of the polymer slab is of very
irregular shape replete with voids and crack-like defects in a variety of sizes and shapes. The
determination of the stress concentrations in such an irregular solid is a non-trivial task. This task is
further complicated by the non-deterministic geometry of the microstructure and distribution of
damage. Within this study the problem of the determination of stress concentration in the diluted
solid is simulated by the bond percolation on a quadratic lattice.

At this point of the development the proposed model has all the earmarks of a feasibility
study. All equations on both scales are written and the problem is conceptually put together into a
coherent, but obviously not final or computationally most efficient, form. As a first try the three-
dimensional problem is reduced to two-dimensions approximating the solid by a stack of two-
dimensional lattices. Some other, less important but not far reaching, simplifications were made for
computational etficiency. Nevertheless, even in its nascent form the proposed model shows all
advantages of statistical modeling and percolation theory in applications to elasticity problems
characterized by the disordered structure.
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CREEP RUPTURE OF POLYMERS

Dusan Krajcinovic
Department of Mechanical and Aerospace Engineering
Arizona State University
Tempe, Arizona

Kaushik Mallick
All Plastics and Fiberglass
Mobile, Alabama

ABSTRACT

The objective of this paper is the inquiry into the high temperature rupture of polymers. The
inquiry is of qualitative nature with little pretense in regard to numerical accuracy and fit of
some set of experimental data. Instead the paper addresses some of the fundamental issues of the
high temperature failure of polymer specimens in tension with emphasis on the microstructural
disorder, question of scale and the random nature of the rupture process. Paper discusses a
simple mean-field model (appropriate for oriented thermoplastics), Monte Carlo simulations on
lattices and multifractal formalism needed to deal with crosslinked networks of resins. By
allowing a simple solution the mean-field model serves as an illustration of some of the aspects
of the rate theory of rupture. Two latter models provide an evidence of the effects of the
specimen size on the time to rupture and the stress concentrations on the onset of the tertiary

creep.

INTRODUCTION

This short study focuses on the determination of the time to rupture of polymer specimens
subjected to high temperatures and modest stress level. Inelastic deformation is associated with
the sequential scission of molecular chains. At low stress levels and high temperature the
scission of molecular chains is attributed to spatial and temporal fluctuations of temperature
reflecting the chaotic atomic motion, Consequently, the rupture patterns are random rendering
the conventional, deterministic fracture mechanics failure criteria if not entirely inapplicable
then at least suspect. The second problem is to relate the events on the atomic level (physics of
the long and/or crosslinked molecular chains) to the macro-response and the creep rupture of the
specimen itself. on the micro-scale a resin can be represented as a crosslinked network.
Geometrically, a lattice seems to be an appropriate model of the microstructure, To render this
discretization objective it is necessary to keep the characteristic microstructural length as the
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resolution length of the model. This requircs incredibly large lauices which are unsuitable for
the numerical simulations. Multifractal formalism is used in this case to enable analyses of stress
fluctuations in large lattices and provide reasonable estimates of their time to rupture in function
of the applied mean-ficld stress, average tempcrature, initial damage and specimen size.

KINETIC CRITERIA OF LINK RUPTURE

Atoms of a molecular chain subjected 10 temperatures above absolute zero perform chaotic
motion about their equilibrium positions. The intensity of this motion is directly proportional to
the temperature and the disorder level (degree to which the atoms are "frozen” into the micro-
structural network). The stable motion of a single atom, interacting with its neighbors, can be
visualized as a motion of a sphere near the bottom of a potential well. The well depth, i.e. the
distance between the bottom of the well and its rim, represents the energy barrier related to the
attractive component of the interatomic force. At low temperatures the motion of the sphere is
stable, i.e. if the sphere is forced away from its equilibrium position (bottom of the well) it will
return 10 it within a finite period of time upon the removal of the extemnal force. Occasionally,
the energy imparted 10 an atom by its vibrating neighbors will be sufficiently large to drive it
over the rim of the well causing in the process rupture of the interatomic bonds. Kinetic energy
of the vibrating atoms is directy proportional 1o the interatomic forces and temperature. The
probability of the rupture of the interatomic bonds is proportional to the force (stress) carried by
the bond and the temperature caused by chaotic vibraton of its neighbors. A model based on
this concept is, therefore, often referred 10 as stress/icmperature driven (Curran, et al. 1987).

Rupture can also be viewed as a chemical reaction during which the molecular chains are
severed and atoms dissociated from the surface of a solid. The kinetic theory of rupture can,
therefore, be developed within the framework of the rate theory of chemical reactions (collision
theory). The adjective kinetic, characlerizing this class of rupture models, indicates that the
conditions leading to the rupture of atomic bonds are deduced from the motion of atoms. The
governing rupture parameters explicitly depend on the time. Moreover since the atomic motion
is random the ensuing crileria are stochastic.,

In absence of the electrolytic effects the process of chemical dissociation is purely a thermal
phenomenon. Temperature is a measurc of the intensity with which the atoms, forming the
atomic lattice, change their relative positions. Thus, the temperature is by inference an integral
and essential part of the process of fracture. Since the motion of atoms is chaotic the iemperature
exhibits large spatial and wemporal fluctuations on the atomic scale. The resultant of interatomic
forces acting upon an atom is in a great majority of cases not sufficient to cause an atom t0
dissociate from its neighbors. However, sincc the number of aloms is very large a non-zero
probability always exists that the chaotic motion will create a "resonance” condition in which
the interactive forces on a small fraction of atoms align themselves to provide a large
unbalanced force collinear with the normal 10 the surface of the solid. The kinetic energy
imparted to these atoms may suffice to cause their "activation” or dissociation. These events
correspond to large amplitudes of spatially localized temperature fluctuations. Fracture is,
therefore, in essence a thermally activated process (Glasstone, et al. 1941, Regel’, et al. 1974,
Kausch 1987 or Krausz and Krausz 1988, etc.). The kinetics of the scission process is
determined by probability that the peaks of the thermal energy exceed strength of the links of
the molecular network keeping individual aloms of the chain within the potential well.

Skipping the details of the derivation (available in the above cited literature) it suffices o
write down the expression for the average time to rupture of a single link of a molecular chain
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In (1) U, (Kcal/molc) is the sublimation encrgy (thc work necessary to displace an atom from
its equilibrium position to infinity), k,7 is thc average encrgy of thermal vibration of atoms
near the bottom of the potential well, where kp, = 1.38 10-16 (crg/°K) is the Boltzmann constant
and T (°K) the absolute temperaturc, Furthermore, (1, =10725) is the period of the free
vibration of an atom. Also, f and u arc the force to which a link is subjected and its elongation.
The Arrhenius (exponential) factor can be intcrpreted as the average number of oscillations
performed by an atom aboul its equilibrium position prior o its dissociation from the molecular
chain (scission). The difference U, - fu is thc height of the energy barrier (depth of the
potential well) which must be exceeded by the imparted thermal energy for a link 1o rupture,

MEAN-FIELD MODEL OF A BUNDLE OF CHAINS

As a simplcst model consider a loose bundle of parallel, highly oriented chains resembling
the crystalline region of a thermoplastic polymer such as polyethylene. Without making further
aucmpts in the dircction of providing a more rcalistic modcl of the actual microfibrilar
microstructurc of thermoplastic polymers (see Regel', et al 1974, Kausch 1987, et.) it will be
assumcd that all chains arc taut and that they equally share in supporting the resultant F of the
externally applicd tensile tractions. Only the elongauon in the dircction of the of the resultant F
is allowed. In other words, the parallel bar model (Krajcinovic and Silva 1982, Krajcinovic, et
al. 1993, etc.) with a democratic load sharing rule is selected as the simplest approximation of
crystalline region of a polymer. The time to rupturc of each link is defined by (1).

Within the loosc bundle, parallel bar model (mean field) approximation the external force F
is equally shared by all extant (surviving) links. Consider the case when the resuliant of the
externally applicd tensile tractions F is constant. Denote by N the number of links in the
undamaged sysicm. Even though the extermally applied force F on the system is in a classical
creep test held constant the forces in links f increase with time as the number of ruptured links 2
increases. The force carricd by each extant link is in this approximation (Regel’, et al. 1974)

cqual to

- F
NF __F _ @
=n(t) N,(1) NO-D@))

f)=

where N, (1)= N -n(1) is thc number of extant bars carrying the external tensile force F =

const.. In (2) the symbol D is uscd to denote the damage parameter which is here taken as being
the ratio between the number of ruptured links and the initial number links, i.e.

n(l)_N—Nf(l)__ __Nr(‘)
NN TN ®)

D)=

The clongation u(f) of the (i.e. its displaccment in the direction of the applied force) system is
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where K (1) = N, (0)k is the effective stiffness of the system and k=const. the stiffness of a link.
Introduce further the expressions for the force f, carried by a single link in an undamaged
system and the elongation u, of the undamaged system

fo=— and u,=-—=——=u— )

and the time to rupture of a link not subjected to a mechanical force

=1, exp[ If];“) ©)
b

Using the above introduced parameters the time to rupture of a link (1) can be rewritten as

2
7, =-L= exp!:—Aﬁo(%j J where AU, = %‘-’— €))
The rate at which the links rupture (dV, / dr) must be directly proportional to the number of

surviving links N; and inversely proportional to the period ¢, which separates two subsequent
spikes of thermal energy of magnitude (U, — fu). Thus,

a8 ®

Final expression for the time rate of change of the damage can now be derived by
combining the two above equations and representing the resulting expression in terms of the
damage variable D. After relatively simple manipulations it follows that

t,=1t° exp{—zg?] ®

The differential equation defining the time rate of the evolution of damage is finally derived
by combining the rate equation (8) and the expression for the time to rupture (9). Hence,

(1 Y| 4
do= exp{-—AUo(-l—_—E) }(1-0) (10)

Corresponding initial conditions are that at (=0 the damage D is absent as well.
In addition to the nonlinear ordinary differential equation (10) specifying the rate of damage
evolution it is usually necessary to determine the displacement (elongation) u of the system (for
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a constant force F)
gﬁ:—-—-—F 2_‘1_9. (11)
dt K(1-D)* dt
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; Fig. 1. Damage evolution and system elongation as a function of time.
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For purpose of illustration take U, =2-10"" N-m and define the contribution of the
mechanical load to the decrease of the energy barrier as a fraction of its initial height by
fou, =0U, (where 0< a<1). The increase of the damage and system elongation (chain
stretch) with time for a=0.1 are plotted in Fig.1 against the time. The plots in Fig.1 clearly
demonstrate the familiar trademarks of the traditional secondary and tertiary creep deformations.
If the stress is increased by 2.5 times (@=0.25) the time to rupture decreases by 6-10° times.

LATTICE SIMULATIONS

The so-called effective continuum and/or mean-field models are based on the assumption
that the defect density is reasonably small and that the direct interaction of adjacent defects
represents a second order effect. More specifically, it is assumed that the local stress field in the
vicinity of cach defect is equal to the average, far-ficld stress field. As a result all spatial
correlations, leading to stress concentrations, arc eliminated from considerations. The accuracy
and the applicability of this popular class of methods in estimates of the rupture thresholds and
rupture modes is at best questionable. Unfortunately, a rigorous, analytical determination of the
local fluctuations of stresses attributable to the direct interaction of randomly spaced defects of
complex and irregular geometry remains an elusive goal.

Lattice simulations of the rupture processes in disordered continua, developed in the last
decade by statistical physicists, proved to be quite successful in modeling of the type of failure
of current interest. Microstructure of epoxy resins emphasizes a network consisting of a set of
aggregates (nodes) interconnected by links in form of crosslinked molecular chains (Martin and
Wilcoxon 1989). The diameter of these aggregates ranges from 0.01 to 0.1 um. Exact geometry
of the lattice depends primarily on the funciionality of the monomers.

Assume that a particular cpoxy microstructure can be, in a two-dimensional approximation,
modeled by a triangular lattice. Assume also that the activation energy of each link are identical.
The simulation is in this case quite simple (Termonia, et al. 1985, Mallick and Krajcinovic
1992). The probability of rupturce of the i-th link within a time interval At is

pean=1' cxp(—ﬂ’%%%‘y—‘]m (12)
b

since the rate of rupture of links is inverscly proportional to their time to rupture (1). In (12) f;
and Af; are the force carried by the i-th link and its elongation (stretch). Original (unstrained)
length of all links is £. The sign of the product f;AZ; is taken as positive if the force is tensile
and ncgative if it is compressive. This is consistent with the fact that the height of the rupture
energy barrier is decreased by tensile and increased by compressive forces.

The initial step in the lattice simulation consists of the determination of the forces in the
links of the lattice at +=0. Lattice is subjected to uniaxial tension in vertical direction. To
facilitate the simulations the lattice is provided by two rigid bus-bars needed to distribute the
load cvenly to the lattice. Periodic conditions are prescribed on lateral sides to avoid shape
effect. Forces in links arc computed from conventional truss analyses. Once the forces acting on
cach link and link elongation arc computed the probabilities of their rupture is determined from
(12). The ume period At (upper bound) during which at least one link must rupture is obtained
from (12) as the inverse of the cumulative probability
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A link can rupture well before the maximum At, computed from (13) by using the equality sign,
expires. Keeping time interval At well below the upper limit will significantly increase the
simulation accuracy. A link which ruptures is now determined by a Monte Carlo loutery.
Ruptured link is removed from the lattice, the lattice is relaxed and new equilibrium state
computed. The next step in simulations is performed using the newly computed forces in the
links of a lattice which is not any more perfect. Links adjacent to the removed links carry larger
loads. Hence, the stress concentrations attributed to defects is accounted for using truss analyses.
Failure occurs at the state at which the diluted lattice ceases to be able to transmit the applied
(constant) mechanical tractions. Time to rupture is computed adding all time steps (13).

1.0
0.8
- 0.6
= 04-
Po=1.0
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T Po=0.8
OO " T v ~r v
0 2000 4000 6000 8000
time to rupture (hrs)

Fig.3, Cumulative probability distribution function of time to rupture vs. time to rupture.

Numerical simulations were performed using the following input data (taken mostly from
the cited literature) £=5.10"%m, U, =2.19-10"N-m, E=2.76GPa, ¢ =2.76MPa and
T =0.8T,, where E is the elastic modulus, o=const. the externally applied tensile stress and

T, =403°K the glass transition temperature. The size of the lattice in the direction of the
applied loads is denoted by L. These input data are roughly characteristic of the commercially
available resin diglycidy! ether of bispheno! A (DGEBA). To minimize the computational effort
the time interval At is determined using the equality sign in (13). The curves shown below are
computed averaging over S00 samples of the smallest lattice size 4 = L /£ =8, 100 samples for
A=16 and 50 samples for A=24. The number of samples on largest lattice size A=32 were 100 few
to provide reasonably smooth averages. The plots of strain vs. time is shown for three different
initial dilutions (1-p) in Fig.2a-b. The onset of the tertiary creep is marked by the sharp change
of the gradicnt in the curves in Fig.2. Cumulative probability distribution P(f) for the time to
rupture for the case A=24 is ploued in Fig.3. Curves for other sizes are quite similar. In both
Fig.2 and Fig.3 symbol p, is uscd to denote the fraction of links present at the initiation of the

174




Se e i

”"FFIW‘*:F%Wm'.szM, S owava . . iy

simulation. Thus, p, =1 characterizes a perfect (undamaged) lattice. As expected the influence
of the initial defects manifests itself only in the translation of the plotied curves.

It is interesting that the effective stiffness of the lattice is a linear function of the dilution
g=1- p, where g can also be interpreted as the probability that a link is ruptured. Linear
dependence of the effective stiffness on the dilution (fraction of ruptured links) ¢ is independent
of the lattice size 4 and persists well beyond the defect concentrations for which this could have
been expecied. This conclusion is consistent to one deduced three years ago by Krajcinovic and
Basista (1991). Independence of effective stiffness on specimen size is of significance for the
selection of the damage parameter on the macro (or specimen) scale, i.e. interpretation of the
test data and their relation with field measurements on actual structures.

MULTIFRACTAL FORMALISM

Numerical simulations illustrated in the preceding section have a somewhat insidious and
serious shortcoming. The expressions derived in two preceding sections are based on the
considerations on the molecular level. As a result the resolution length must be equal to the
distance between two aggregates, i.c. 1o £=5-10"m. Hence, 10 consider a two dimensional
specimen it is necessary to have 4. 10'° nodes per each ¢m?® of the specimen. This obviously
represents an impossible task even if the fastest available computers are available. A possible
aliernative, which is very often pursued, is to use a coarser discretization. The links in this lattice
do not have a clear physical significance and the determination of the material parameters is
relegated 10 fitting some data with adjustable "constants”. Moreover, no hierarchical
discretization (including finite element method) is objective since the direct interaction is
aliowed only between the defects belonging to the same "finite element”. As a rule results
obtained by any discretization of this type are mesh sensitive.

A much more reliable set of results can be derived using the multifractal formalism
discussed in Krajcinovic and Mallick (to appear) based on the methods developed by Hansen
and Roux (1988), Roux and Hansen (1989) and many others. A rather lengthy and involved
derivation is based on the fact that the rate at which the links are ruptured are equal to the sum
of the individual probabilities

N -
g9 1N o Ve fidi ) Ve IS 1y (0
di~ N 2‘;: °"p( Wl ) 1 kKT RE_OEM“( ) a9

where M, (&) is the n-th statistical moment of the distribution of free energies p(®; = f;6;).
Using the property of self-similarity at the percolation threshold the n-th statistical moment can
be written (for a constant stress ensemble in the considered case) as

M (®)= _[ O" p(®)dD = 1*™ (15)

In contrast 10 fractals the exponents z(n) are different for different n.
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Leaving the details of the derivation for a subsequent paper it seems interesting to highlight
at least some of the preliminary results. The plot of the strain vs. time using multifractal
formalism and numerical simulations for a large lattice A=32 is shown in Fig.4. At this point it is
not evident whether the discrepancy between the results should be attributed to a rather coarse
simulations (using equality in the determination of the time interval in (13)) or to some other
cause. It is interesting, that despite persistent discrepancies in the latter part of the secondary
crecp phase, the time to rupture determined by the two compared methods were uniformly close.
The time to rupture vs. the specimen size, computed on the basis of the multifractal formalism,
is plotied in Fig.5. As expecited the initial drop in time to rupture with increase of specimen size
is rather dramatic. As the size becomes larger the size effect becomes less pronounced.

SUMMARY AND CONCLUSIONS

The presented study of the creep rupture of polymers emphasizes three important aspects:
(a) influence of the temperature on rupture of molecular chains, (b) role of the microstructural
disorder, (c) random character of the rupture process and (d) the effect of the specimen size. The
study is qualitative in nature and ensuing conclusions must be interpreted as a rough guidance
into the physics of the phenomenon. Each of those four issues has a strong influence on the
creep deformation in general and the rupture threshold in particular. The conventional models
based on mean-ficld analyses of homogenized continua, deterministic rupture (or damage
evolution) criteria and arbitrary discretizations do not address either of these issues. Introduction
of many adjustable parameters or non-physical idealizations of the constitutive laws (including
at least some of the micro-polar models) may, indecd, provide means to fit a set of test data but
will not go very far in providing a better understanding of the deformation process. It seems
rcasonably to conclude that the large scatter of experimental data is not a nuisance or a result of
poorly conducted tests but a reflection of the four cssential aspects of the problem listed above.
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DAMAGE INCURRED DURING THE POLYMERIZATION OF
THERMOSETS

D. KRAJCINOVIC
Arizona State University, Tempe, AZ, USA

Abstract

The proposed analytical model for the determination of the damage incurred during
the polymerization (curing) of thermoset resins is based on the consideration of the
interaction of heat transfer, chemical reaction and mechanical deformation.
Consideration is focused on the molecular, micro and continuum (macro) scale.
Proposed model illustrates the fundamental importance of the microstructural disorder
on the curing process. A short discussion of characteristic lengths, characterizing the
microstructure, provides often neglected criteria for the selection of appropriate
models. The analytical model are illustrated with a simple problem of damage
evolution in an infinitely extended slab of resin.

Keywords: Damage mechanics, polymers, gelation, order-disorder transition,
percolation, size and scale effects.

1. Introduction

Principal objective of this paper is to illustrate the fundamental aspects of relation-
ships which exists between the events observed on: (a) molecular, (b) micro and (c)
macro (continuum) scales. The basic premise of this study is that an approprnate
description of the microstructural disorder is an absolute necessity in analytical
modeling of this class of problems. Selection of analytical model must be based on
the relative magnitude of the characteristic lengths which describe the state of the
order of the microstructure.

The effect of the disorder on the macro response (transport properties) of the
system is of largest importance when the concentration of micro-defects is large. A
curing polymer is characteristic of this class of processes since it, by definition,
passes through the connectivity or sol-to-gel transition. At low values of the degree
of cure (i.e. while the sol phase percolates) the system is a fluid with a progressively
increasing viscosity. The deformation of the solid fragments (clusters) is entropic in
nature since it occurs in absence of strain energy accumulation. At the sol to gel




(phase or elastic percolation) transition the solid phase (gel) percolates through the
system. The curing slab acquires shear stiffness and the further deformation occurs in
enthalpic mode involving stresses, strains and storage of elastic energy in the
crosslinked gel cluster. Stresses in the system are attributable to the chemical and
thermal shrinkage of the slab and spatial and temporal fluctuations of the temperature.

2. Polymerization Process

At the onset of curing (i.e. at zero degree of cure) a system consist of individual
monomers (single molecules) and initiators. Low temperatures restrict the mobility of
monomers and prevent chemical reactions. The mobility of monomers in the bath is
increased as the temperature in the autoclave is raised. The ensuing physico-chemical
process is known as the polymerization. Curing of thermosets is a complex process
during which a fraction of colliding poly-functional m-mers which are endowed with
a sufficient kinetic energy, react and bond together into large molecular chains.
During advanced stages of the curing process individual molecular chains crosslink
into large three-dimensional networks of irregular geometry and topology which
provide stiffness (resistance to deformation).

Emergence of stresses in a crosslinked network during curing is attributed to
eigenstrains caused by thermal and chemical shrinkage and temperature gradients.
Thermal shrinkage occurs during the cooling cycle. Chemical shrinkage reflects the
reduction of distance between reacting n-mers during the formation of a bond. Since
the collisions between n-mers and k-mers are random events the distribution of
eigenstrains is random both in spatial and temporal sense. Local fluctuations of
thermal, stress and strain fields are further magnified by the disordered (gossamer)
geometry of the ramified network of polymer chains. Consequently, even though the
average stresses just beyond the sol to gel transition may be relatively modest the
stress concentrations suffice to cause nucleation of sub-microcracks and microcracks.
The presence of the ubiquitous process induced damage in polymers [1-3] is a
testimony to the effect that the disorder has on the damage evolution.

Newer models of polymerization, supported by the electron microscope studies
[4], lend support to the premise that the physics and chemistry of gelation is governed
by a sequence of a kinetic (aggregation) and an equilibrium (percolation) process. In
its initial stage polymerization is dominated by the mobility of monomers forming a
multitude of aggregates suspended in the sol phase percolating through the specimen.
System deforms as a viscous fluid. Topologically, the structure of each aggregate
resembles a Cayley tree as suggested by the Flory-Stockmayer theory. The diameter
of the aggregates typically reaches 0.01 to 0.1 um [5]} before they run out of "free
volume" exhausting their "molecular maneuverability and macroscopic fluidity” [6].
At this point aggregates are too large and too densely packed to be able to change
their position without deforming and displacing the neighboring aggregates. At this
point the process crosses over from aggregation to that of bond percolation
characterized by a random formation of bonds between the stationary aggregates
(which assume the role of renormalized monomers fixed in the sites of a three-
dimensional lattice).

During the percolation stage of the polymerization process "stationary" aggregates




link together by bonds. These aggregate clusters form networks which grow larger
with time. At a given connectivity between individual aggregates the divergence of
the so-called correlation or coherence length £ (defined as the length beyond which
the cluster sizes are exponentially rare) indicates the emergence of the infinite
(spanning) cluster (gel molecule) of interconnected aggregates having a finite shear
stiffness. Physically, the aggregates flocculate and as £ — o the flocculated phase
forms the infinite network or gel. On the macro- (or slab) scale, the percolation
threshold & — o=, or sol to gel transition, is discerned by a very steep increase of the
viscosity of the system. The attendant immobilization of the curing mass is reflected
in the attainment of the shear strength and stiffness. The actual elastic percolation
threshold is therefore defined as the connectivity p=p. at which the infinite
(spanning) cluster emerges on the renormalized lattice (with aggregates as nodes).
Topology of the lattice is defined by the functionality of monomers. The distance
between the sites is set by the diameter of the aggregates at the crossover from the
aggregation to the percolation phase.

Final changes in material properties take place when the temperature 1s decreased
to the glass transition level. Above the glass transition temperature polymers behave
as a viscoelastic solid. At temperature below the glass transition temperature the
conformation (entropic) changes of the molecular chain geometry become difficult
and each chain locks in a given conformation.

3. Characteristic Lengths

Typical analytical models of micromechanics are based on the universally used
but not always acknowledged assumption that the considered material is statstically
homogeneous on some scale which is much smaller than the smallest linear size of
the specimen. This assumption is seldom questioned under the guise that the defect
concentration is small. In the considered case, characterized by a large micro-
structural disorder in the vicinity of the sol to gel (connectivity) transition this
assumption is obviously not applicable.

The above offered description of the process and the distinction between the
micro and macro scales are purely qualitatve. A precise quantitative distinction
between the scales involves several characteristic lengths. The first length £ defines
distance between the aggregates at the point at which they become immobilized (i.e.
at the crossover between the aggregation and percolation regimes). At first glance it
appears that the length £ is not important from the point of view of stress analysis
since the stresses are negligible before the gel molecule forms (prior to the point at
which the solid acquires shear strength). However, the length £ is important since it
defines the intrinsic length of the sub-microcracks nucleated by the rupture of a single
link connecting two adjacent aggregates. Hence, the length £ is the intrinsic
microstructural length and must be selected as the resolution length (mesh size) to
render micromechanical analyses objective (mesh independent).

The linear specimen size L is the second characteristic length which must be
introduced since the fracture strength is an extrinsic property of brittle solids
(reflected by the conventional size effect). In certain cases the strength or toughness
of disordered solids may also exhibit shape effect. In these cases a single length is
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not sufficient to characterize the strength of the specimen.

Finally, the correlation length &, defined as a maximum length over which the
clusters of interconnected aggregates are exponentially rare, is not only important in
its own right but is crucial in the process of the selection of the analytical model.
Somewhat less precisely the correlation length can also be defined as the mean
distance between the two sites belonging to the same cluster. The correlation length
is typically defined in function of the connectivity p of the network. The connectivity
p is defined as the fraction of links formed between the aggregates during the
percolation phase of the process. At the percolation threshold (sol to gel transition
P = pg) of an infinite lattice the correlation length & tends to infinity, i.e. spans the
system by connecting two sides of the specimen. Hence, at the percolation threshold
the only evolving characteristic length is lost and the microstructural geometry is
rendered self-similar. Infinite cluster is a random, physical fractal which is statisti-
cally self-similar. In other words the probability density function of the considered
medium property does not exhibit spatial fluctuations. In the asymptotic
neighborhood of the percolation threshold (with p slightly in excess of p..) the range
of the self similarity is finite. At lengths less then £ the geometry appears to be
statistically the same as at the percolation threshold. On the scales larger than £ the
network appears to be statistically homogeneous. Thus, the correlation length
represents the upper bound below which the cluster is self-similar. The property of
self-similarity, reflected in the universality of the scaling laws and percolation
threshold p,,, will be repeatedly used in the sequel to this part of the paper.

In micromechanical models it is necessary to relate the actual random,
inhomogeneous and piece-wise discontinuous solid with an equivalent effective
continuum. The mapping between two media is based on the establishment of the
equivalence of the properties and fields in a point of the effective continuum and the
corresponding properties of the actual solid averaged over a volume of the material
enveloping the considered material point. The smallest volume of the material for
which this correspondence can be established, at a given goodness-of-fit, is defined as
the representative volume element. The material properties are, therefore, the
properties of the representative volume element with a linear size L, .

Having defined characteristic length and their influence on the homogeneity of the
system it becomes possible to determine the range of the validity of methods of
analysis. The utility of the effective continuum methods is limited to the case when
the defects in the lattice are small, i.e. when the largest defects can be comfortably
tucked into the representative volume element. The MMM (micro, meso, macro)
principle of Hashin [7] can be cast into a more explicit form of an inequality

E<<L <<L (1)

where £ and L, are the linear sizes of the largest defect cluster and the representative
volume element. Concentration of defects must be small enough to: (a) render the
direct defect interactions a second order effect and (b) reduce the probability of
finding a large cluster of connected microcracks to negligible levels. At the incipient
percolation transiton the condition (1) is not satisfied since the defects percolate
through the specimen, i.e. since the size of the defect cluster is singular £ — eo..
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Second of two conditions, related to interaction of the adjacent defects, is also not
satisfied in the neighborhood of the percolation threshold rendering the conventional
continuum theories and micromechanical models based on the effective continuum
(mean-field) theory at best imprecise and vague and at worst inapplicable.

In summary, in the neighborhood of the percolation threshold

~

p—p, and e | )

the geometry and topology of the microstructure is statistically self-similar. Within
this range percolation models provide good estimates of the macro response. At
modest connectivities p for which a small enough representative volume element
exists, such that inequalities (1) are satisfied, solid is statistically homogeneous over a
small enough volume needed to render the mean field theories applicable. The macro
response within the crossover regime separating the self-similar and macro-
homogeneous regime depends not only on the defect density but also on the direct
interaction between closely spaced micro-defects. In most cases the determination of
the macro response within the crossover regime does not admit elegant analytical
solutions. This type of problem is typically approached using numerical simulations
and introducing switching (or blending) functions which in two limits blend into self-
consistent and percolation solutions [8].

4. Continuum Model

Most of the existing literature [3, 9--11] etc. related to the curing problem focuses on
the formulation of local continuum models. Based on the dubious premise that all of
the processes depend primarily on the average stresses and strains these models are
applicable only when the microstructure is rather homogenous and the stress
concentrations negligible. As demonstrated above this is by no means true in the case
of polymerization. The geometry of the gel molecule is all but regular, presence of the
correlation length renders the solid intrinsically non-local and the rupturing sequence
of links is a random process. However, for computational efficiency it is necessary to
formulate the continuum model as a general framework relating average stresses,
strains and temperature on the specimen scale. This, in fact, is the objective of this
part of the paper.

The process of heat conduction is governed by the partial differential equation of
diffusion type [12-14] etc.
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In general, density p, thermal conductvity K; and the specific heat C, depend on the
extent of the reaction (i.e. the connectivity). Total exothermic heat energy H, genera-
ted during the course of the reaction is assumed to be a constant for a specified resin




and curing regime. The second term on the right hand side of (3) represents the heat
liberated during the exothermic reaction of bond formation. The parameter y(y,?)
represents the fraction of molecular bonds (probability that a given bond between two
molecules exists) and is, for a simple polyesterification reaction, related to the degree
of cure a(y,t), defined as the probability of finding an individual monomer, by the
expression derived in [15] for a simple poly-esterification reaction as

x= ot @

Relation (4) is crucial for experimental verification of the model since the degree
of cure & can be measured using scanning calorimetry methods. Another parameter
used in percolation models to quantify the connectivity is p is defined as the probabi-
lity of finding a link connecting two aggregates. However, this parameter cannot be
measured. The parameters p(y,r) and x(y,?) are linearly proportional suggesting the
following relationship satisfying asymptotic behavior at percolation threshold

p=2"Zsga—y) )
1-7,

In (5) H(x) stands for the Heaviside functional while ¥, is defined as a fraction of
monomer bonds at which the aggregates become mobile and the process crosses over
from aggregation to bond percolation. The expression (5) preserves the asymptotic
behavior (scaling law) of p and yx in the neighborhood of the percolation threshold.
The need for the relation (5) is further emphasized by the fact that during the
aggregation phase of the process p=0. Distinction existing between the three
parameters (%,«,p), defining the connectivity of the gel network, has neither been
fully recognized nor appreciated in the existing mechanics literature.

The equation of the rate of chemical reactions can be derived from the collision
theory. Rate at which the bonds are formed depends on the probability that two
molecules, having sufficient kinetic energy to overcome the repelling forces, will
collide and react in a unit of time. This probability is, according to the Boltzmann-
Maxwell statistic [16] given in form of the Arrhenius dependence on the temperature
T and activation energy U. Thus, the probability that a bond will be formed during
the collision is proportional to exp(—U /k,T) where kp is the Boltzmann constant.
Actvation energy U is defined as the difference between the sublimation energy U,
and the free energy @ stored in a link of the network.

The rate of the accrual of links in the renormalized network was derived in [14,
17] in the form of an ordinary differential equation
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First and second terms on the right hand side of the expression (6) defines the rate at
which the links between the aggregates are formed and ruptured, respectively.
Equation (6) can be rewritten in a simpler form as
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The parameter w can be cast into a more convenient form [17] as

W= Z%M,,«o) ®)
where
M, ()= [ o"B(p)dp ©)

is the n-th statistical moment of the distribution of the normalized free energy
@ =@/ kT stored in the individual links of the gel network.

Finally, it is necessary to derive the equation relating the macro (average) stress in
the slab and the eigenstrain related to the thermal and chemical shrinkage. The well
known expressions for the relaxation of polymers due to the changes in the
conformations of the molecular chains associated with the disentaglements and
diffusion of segments [18] must be changed to accommodate the changing
connectivity p(z,y) of the network. The character of the viscoelasticity is determined
by the vibratory motion of individual chain segments and the free length of chains
between two adjacent crosslinks. The characteristic time of relaxation depends on the
state of connectivity and the frictional effects which inhibit changes of conformations.

Continuum theory of the viscoelastic response of crosslinked polymers based on
the Rouse and Zimm models and the reptation dynamics was recently developed in
[4, 19]. Elastic properties of a curing polymer change with the extent of crosslinking
(growing degree of cure ). Realizing that the change in the degree of cure o results
in the change of scale (defined by the change in the correlation length &) [19]
suggested a redefined time to account for the proportionality between the relaxation
time of a cluster and its size. The ensuing time-cure superposition model
approximates the viscoelastic deformation of curing polymers by a sequence of states
corresponding to discrete times defining the extent of the chemical reaction.

Considering a slab infinitely extended in horizontal direction (xz plane), free of
tractions at the bottom and top surfaces and neglecting the body forces, the integral
equation for the only non-vanishing components 0,(y,t) = 0,(y,t) of the macro
(volume averaged) stress tensor can be derived in the following form [17]
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where G.(p,1), G (p) are the equilibrium and relaxation shear moduli, X(p) the
bulk modulus and

£ =B By =l ~To) - E—22F; (11)
_pce

the volume average of the eigenstrain due to the total shrinkage attributable to the

chemical reaction and temperature. In (11) e, T, and ?:f are the coefficient of
thermal expansion, temperature at the percolation threshold and the final extent of
shrinkage at the termination of the cure process (p =1). Finally,

T (5)= jr [s — u, pQu)) 2L "() (12)

is the effective strain tensor which couples the memory effects of the relaxation and
the equilibrium moduli of the curing polymer [19]. The non-dimensional (normalized)
relaxation modulus in (12) is defined by the ratio

G (s)

G.(0) (13)

(5=

Details of the derivation are available in [17].

In summary, a rational determination of macro (volume averaged) stresses and
strains in a curing resin slab requires solution of three coupled equations (3), (7) and
(10) governing exothermic heat conduction, rate of chemical reactions and
mechanical deformation. Boundary conditions require that the temperature at the
traction free surfaces y ==h (where 2h is the slab thickness) is equal to the autoclave
temperature. Initially, at z=0 the stresses are equal to zero and the connectivity is
equal to the connectivity at the elastic percolation threshold p(t =0) = p,.,.

Three governing equations in three unknown functions o, (y,t), T(y,t), p(y,t) are
coupled both directly and indirectly through the parameters which depend on the
connectivity p. The determination of the effective parameters using micromechanical
models such as mean field and percolation theories is a well understood problem. A
much more insidious coupling occurs in equation (7). The rate at which the links of
the renormalized network rupture depends not only on the zero-th (i.e. average stress)
but on all other moments of the distribution of forces (internal energies) in the
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network as well. Consequently, the considered problem cannot be solved using the
conventional mean field models of micromechanics.

5. Micromechanical Considerations

The material parameters in the heat conduction equations do not exhibit singular
behavior in the neighborhood of the percolation threshold. In fact they change only
slightly and to simplify the derivation they will be considered as being constants.
Furthermore, it will be assumed that the bulk modulus changes with the connectivity
in a manner defined by the self consistent approximation, i.e. that in tension

K(p)zp"pce <p<l1
,Sp<
K, 1-p. C _
and (14)
K=0 DS Dee

Expressions (4) ignore finer points of the scaling laws in the asymptotic neighbor-
hood of the percolation threshold and the interaction of defects in the crossover
regime. A more sophisticated form for K (p) can be derived using blending functions
[8] but the gair will be minimal since the accent is on the shear strains.

At the percolation threshold (gel point) the shear modulus (i.e. stiffness) of the
slab is, by definition, equal to zero. As a consequence of similarity the shear stiffness
is expected to follow a universal power law immediately after the slab passes through
the gel point. This expectation was, indeed, observed in experiments (summarized in
[4]) in which a polymer at gel point was subjected to an oscillating strain field of
constant amplitude. The divergence of the viscosity and the equilibrium shear
modulus in the asymptotic vicinity of the gel point is defined by the scaling laws [19]

nelp,— o and G <|pe. — pf (15)

Universal exponents in (15) are z=dv=§/3 and 0<k <4/3, where v is the

exponent for the correlation length €. As the connectivity p is increased beyond the
percolation threshold the clusters size increases. Large clusters diffuse slower than
the small ones. Thus, the degree of the cure is reflected in the change of the scale.
The actual time must be renormalized dividing it by the longest reiaxation time 7,
which dominates the dynamics of the of molecular chains. The longest relaxation
time is defined as a time needed for a chain of length £ to diffuse through its own
radius. Written in the following form

(z+k) (16)

oo
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the longest relaxation time also represents the time at which the response crosses over
from a simple to a complex viscoelastic regime. Accounting for the fact that the
decay crosses over form the power law to an exponential law as the time ¢ approaches
the longest relaxation time the expression for the relaxation shear modulus for the
bulk polymer melt was specified by [19] as

2/3 0.4
G, (£) < 1(-&) CXP[‘(EL) J P < Pee
T\t , !
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where C is a constant which depends on the shear modulus of the glassy phase.

The first of the two expressions (17) is applicable to the system in which the fluid
phase (sol) percolates, i.e. for a viscous fluid with a vanishing equilibrium shear
modulus. The second of two expressions, representing the statement of the cure-
superposition principle, is valid for a system in which the solid phase (gel) percolates.
The shear resistance is provided by the infinite cluster (gel) which dominates the
deformation process. The simple scaling law (17) was shown to replicate the
experimental data with a surprising accuracy [4, 19] which persists well into the mean
field regime.

Finally, it is necessary to determine the stiffness of the links connecting
aggregates (sites of the renormalized lattice). Each of these links represents a
network formed by several molecular chains crosslinked to each other. On the
molecular (chain) scale the deformation modes of a single chain include: change of
conformation (segment rotation or gauche-trans transformation), cavitation, slip
and/or chain scission [2]. To determine the "stiffness” of a chain it suffices to
consider only the change of conformation and its effect on the flexibility. A
stretching polymer chain passes through a sequence of a discrete equilibrium
(minimum free energy) states which correspond to different conformations. In the
course of stretching process very little energy is stored in the bonds. The change in
the free energy is almost entirely attributed to the decrease in entropy (probability of
corresponding conformational states). The deformation process of the described type
belongs to the class of entropic elasticity. If the force on a single free and highly
deformable links is maintained for a long time the chain reverts to its most probable
conformation converting the excess energy into heat.

The stffness of a single chain can be determined analytically only for small
deformations of freely jointed single chains. In all other cases determination of the
link stiffness requires simplifying assumptions. Force-displacement relation in a
crosslinked chain network combines the competing effects of elastic stretching
(enthalpic effects) and conformation changes (entropic effects). A crosslinked
network is both dissipative and energy storing. Assuming the deformation to be small
it can again be assumed that the force-elongation relation remains linear but the
spring stiffness is not a constant.

Consider a crosslinked network consisting of N, chains each of which is formed of




ny segments. The average free energy stored in a segment of i-th link is
¢;(p)=®; /[N.n,(p)]. Free energy stored in the link can be estimated assuming
that: all chains have the same length and that the end-to-end distances of each chain
are defined by Maxwell probability density function [20]. Subject to these
assumptions the average free energy stored in a segment of the i-th crosslinked
network connecting two neighboring aggregates is

5i(p) =i = ML 2
N¢ns(p) 2ng(p)t
where £ is the average distance between the aggregates and ng(p) the average
number of segments in a chain. As the number of segments in a crosslinked network
increases during curing the free energy decreases while the activation energy
increases. The rate of rupture of links connecting the aggregates rupture (8) is now

(18)

w= 2 J "Blo)dp where 9= (19)
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Normahzed frce energy ¢ in (19) is redefined in view of the postulated rupture
process of radicalized chains. The mechanical energy stored in the link serves only to
lower the energy barrier through its contribution to the free energy (in form of the
internal energy). The increase of the temperature does not only decrease the argument
of the exponential function in (6). It also increases the free energy through the
entropy term and the rate of formation of free radicals (reducing the time needed for
the rupture of a link caused by the scission of a single chain). Hence, the rupture of
links connecting the adjacent aggregates is a random process due to the non-
deterministic nature of the spatial and temporal fluctuations of thermal energy.

Formation of a crosslinked connection (link) between two adjoining aggregates is
not instantaneous. Thus, the link "stiffness” varies with time during its formation.
Link rupture is a much more rapid process of chemical dissociation which is also not
instantaneous. Since the time needed to form and rupture a link is still short
compared to the cure duration it will be assumed that the spring stiffness remains
constant from its formation to its rupture and that the link rupture is instantaneous.
These assumptions are entirely consistent with the selected resolution length
according to which events on molecular scale are smoothed out.

6. Distribution of the Free Energy in the Lattice

Distribution of forces (and energy stored) in the links of the renormalized lattice can
be determined using numerical simulations. However, for a lattice analysis to be
objective the resolution (bond) length £ must be equal to the inherent characteristic
length of the microstructure (size of the nucleated sub-microcracks). In the present
case, the characteristic microstructural length is equal to the average distance between
the adjacent aggregates at the crossover from aggregation to percolation. The inital
length of the sub-microcracks [1,2], nucleated in the course of the rupture of a single
link, is on the order of £=0.1twm. Thus, to preserve the objectivity, a cubic lattice
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occupying a cube with a volume of only 1 cm?3 should be modeled by a lattice having
1015 nodes rendering objective simulations impractical if not impossible.

Analytical methods based on the self-similarity of the gel cluster geometry near
the percolation transition provide the only feasible alternative. The mass (total length
of all constituent links) of the spanning cluster is a statistical fractal. However,
different subsets of the cluster (formed by links storing equal free energy) have
different fractal dimensions. Structures of this type are referred to as multfractal and
are often formed by random multiplicative processes .

Assuming that the considered slab can be approximated by a deck of lattices the
distribution of energy stored in the links can be determined using the multfractal
formalism developed in {21, 22] Skipping the details available in [17] the expressions
for the statistical moments (9) scale in the vicinity of the gel point as

M@= (J®;) = 2™ where A=L1t (20)

J

Each statistical moment scales with a different exponent y(n) which do not
depend on the specimen size. However, expression (20) incorporates the scale effect
through the parameter A. The expressions for the exponents can be derived for the
percolation transition and the period for which p > p_,. After a rather long derivation
the exponents in (20) can be written as

m
y(n) = [11 —p ) [-1.25+1.03n+ 0.87 exp(—1.35n)] 21
~ DPee

where m is a positive integer. Finally, the expression for the rate at which the links
rupture (8) becomes

Oavg | i=n g yim) = 7y
w= Enl[kﬂfjc A where ¢,,Vg_£¢ (#)do (22)

where the constant C; must be determined from simulations.

7. Iustrative Example

Using data for the DGEBA epoxy resin and the curing regime shown in Fig. 1a it was
now possible to solve the problem by numerical integration of the derived system of
equations (3), (7) and (10), with effective material parameters defined in Section 3
and the rate of link ruptures by (22). Figs.1a,b show that the damage accumulates
(link rupture) before the cooling starts. Thus, as conjectured in [3], the damage
incurred during the polymerization is attributable to the chemical rather than thermal
shrinkage. Furthermore, comparing curves with triangles it becomes obvious that the
damage is much larger in the middle of the slab than on the free surfaces.




time (hours)
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Fig.1. Evolution of the normalized temperature, degree of cure (¢), connectivity p

and fraction of ruptured links (pR) at: (a) surface of the slab and (b) slab
mid-plane.
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8. Summary and Conclusions

The proposed model for the determination of the damage incurred in thermoset resins
during polymerization: (a) encompasses three scales, (b) couples equations of
chemical reaction rate, heat transfer and mechanical deformation and (c) clearly
identifies all material parameters. It also considers microstructural disorder and its
effect on the rupturing process. Consideration of the relative magnitude of characte-
ristic lengths indicate that other methods are not applicable to this problem.

Simplifying assumptions introduced for purposes of illustration can be readily
removed at some expense of the tractability. However, even in its current form the
proposed model represent a radical change of basic concepts by emphasizing the
essental role of microstructural disorder on the evolution of process induced damage.
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ABSTRACT
Present study focuses on the formulation of a micromechanically based analytical model
of the evolution of damage in thermoset resins during cure. Study emphasizes the effect
of the microstructural disorder on the macro response. To avoid introduction of arbitrary
fitting constants and parameters the problem is.considered on three different length
scales. The proposed model consists of a system of equatons governing the exothermic
chemical reaction, heat transfer and deformation. Effective properties of the solid and

distribution of stresses are determined using non-traditional micromechanical models.

L INTRODUCTION

The principal objective of this study is to formulate a rational analytical model needed to
determine the damage accumulated in resins during the cure. Considerations of events on the
molecular and micro scales emphasizes the necessity for an appropriate description of damage
evolution which depends on all statistical moments of the distribution of stresses in the

disordered microstructure of the resin near the sol-gel transition. This study indicates the

arbitrariness of the contnuum models which neglect the disorder of the resin microstructure near
the sol to gel transinon. Consideration of relations between the characteristic lengths, intrinsic to
the evolving microstucture, underlines the limitatons of tfadjtional (mean field) methods of
micromechanics used for the determination of the effective material parameters and stresses in

the vicinity of the phase transition.

1 Currently: All Plastics & Fiberglass, Mobile, AL 36608




0. POLYMERIZATION PROCESS

Polymerization of thermosets is a complex process during which the initial sol (viscous fluid)
transforms into a gel (intricate network of crosslinked aggregates). When heated in autoclave
monomers of a dilute solution diffuse and collide. A fraction of colliding monomers, which are
endowed with a sufficient kinetic energy, react and bond together into progressively larger
chains. This process, occurring at many sites simultancousiy, generates many fractal aggregates
consisting of entangled molecular chains [MARTIN and ADOLF (1991)]. Topologically, the
structure of each aggregate resembles a Cayley tree as suggested by the Flory-Stockmayer
theory. The diameter of the aggregates typically reaches 0.01 to 0.1 pm [MARTIN and
WILCOXON (1989)] before they run out of "free volume" exhausting their "molecular
maneuverability and macroscopic fluidity” [ZALLEN, (1983)]. At this point aggregates become
too large to be able to change their position without deforming and displacing the neighboring
aggregates. Accordingly, the process crosses over to that of the bond percolation which is
characterized by a random formation of bonds between the stationary aggregates (which assume
the role of renormalized monomers fixed in the sites of a three-dimensional lattice).

During the percolation stage of the pdlymerization process aggregates linked together by
bonds form clusters which grow larger with time. At a well defined threshold value of the
fraction of links connecting individual aggregates, the correlation length (defined as the length
beyond which the cluster sizes are exponendally rare) diverges £ — o reflecting the emergence
of the infinite (spanning) cluster (gel molecule) of interconnected aggregates. On the macro
scale, the percolation threshold & — oo, or sol to gel transition, is discerned by a very steep
increase of the viscosity of the system and in the attainment of the shear soength and suffness.
The actual elastic percolation threshold is defined as the connectivity p= p_., at which the
infinite (spanning) cluster emerges on the renormalized lattice. Final changes in material
properties take place when the temperature is decreased to the glass transition level. At this point

each chain locks into a given conformation rendering further conformational (entropic) changes
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difficult [COWIE (1991)]. A conceptual scheme of the sequence of events is sketched in Fig.1.
Curing induced stresses in a crosslinked network are armibuted to eigenstrains caused by
thermal and chemical shrinkage and temperature gradients. Chemical shrinkage reflects the
reduction of distance between reacting m-mers during the formation of a bond. Since the
collisions between n-mers and k-mers are random events the distribution of eigenstrains is
spatially and temporally random. Thermal shrinkage occurs during the cooling cycle. Local
fluctuations of stress and strain'ﬂclds are magnified by the disordered geometry of the ramified
network of polymer chains. Thus, even though the average stresses just beyond the sol to gel
transition may be relatively modest the stress concentrations are sufficient to cause nucleation of
sub-microcracks and microcracks. Ubiquity of the process induced damage in polymers
[KUKSENKO and TAMUZS (1981), KAUSCH (1987) and GUZ, et al. (1988)] is a testimony to

the effect of disorder on damage evolution.

1. CHARACTERISTIC LENGTHS

The described polymerization process and the distinction between the micro and macro scales
are purely qualitative. A precise quantitative distinction between the scales requires consideration
of several characteristic lengths. The first of these lengths ¢ defines distance between the
aggregates at the point at which they become immobilized (at the crossover between the
aggregation and percolation regimes). At a first glance it appears that the length £ is not
important for stress analysis since the stresses are negligible prior to the formation of the gel
molecule (before the solid acquires shear strength). However, the length £ is important since it
defines the intrinsic length of the sub-microcracks [KUKSENKO and TAMUZS (1981)]
nucleated by the rupture of a single link connecting two adjacent aggregates. Hence, length £ is
an intrinsic microstructural length. Assuming that the smallest microcrack of interest is of the
size of the space between two aggregates £ must be selected as the resolution length to render

micromechanical analyses objective (mesh independent).

The linear specimen size L is also a characteristic length since the fracture strength is an



extrinsic property of brittle solids (reflected by the conventional size effect).

The correlation length &, defined as a maximum length over which the clusters of
interconnected aggregates are exponentially rare [ISICHENKO (1992)], is not only important in
its own right but is crucial in the process of the selection of the analytical model. The correlation
length &£(p) is defined as a function of the connectivity p of the network. The connectivity p is
defined as the fraction of links formed between the aggregates during the percolation phase of
the process. At the percolation threshold (sol-gel transidon p = p_,) of an infinite lattice the
correlation length £ tends to infinity, by spanning the system and connecting twe sides of the
specimen. Hence, at the percolation threshold the only evolving characteristic length is lost and
the microstructural geometry is rendered self-similar. Infinite cluster is a random, physical fractal
which is statistically self-similar. In other words the probability density function of the
considered property of this cluster does not exhibit spatial fluctuations. In the asymptotic
neighborhood of the percolation threshold (with p slightly in excess of p,,) the range of the self
similarity is finite. At lengths less then £ the geometry appears to be statistically the same as at
the percolation threshold (i.e. self-similar). On the scales larger than £ the network is statistically
homogeneous. Thus, the correlation length represents the upper bound below which the cluster
1s self-similar. The property of self-similarity, reflected in the universality of the scaling laws
and percolaton threshold p,,, will be repeatedly used in the sequel to this part of the paper.

In micromechanical models it is necessary to relate the actual random, inhomogeneous and
piece-wise discontinuous solid with an equivalent effective contnuum. The mapping between
two media is based on the establishment of the equivalence of the properties and fields in a point
of the effective continuum and the corresponding properties of the actual solid averaged over a
volume of the material enveloping the considered material point. The smallest volume of the
material for which this correspondence can be established, at a given goodness-of-fit, is defined
as the representative volume element. The material propertes are, therefore, the properties of the
representative volume element with a linear size L, .

Having defined characteristic length and their influence on the homogeneity of the system it




becomes possible to determine the range of the validity of methods of analysis. The utility of the
effective continuum methods is limited to the case when the defects in the lattice are small, i.e.
when the largest defects can be comfortably tucked into the representative volume element. The
domain within which the MMM (micro, meso, macro) principle of [HASHIN (1983)] and mean
field models are valid can be cast into an explicit form of an inequality

E<<I, <<L ‘ M
where é is the correlation length of the defects (defined as cluster of missing links between the
aggregates forming the lattice nodes). Concentration of defects must also be small enough to: (a)
render the direct defect interactions a second order effect and (b) reduce the probability of
finding a large cluster of connected microcracks to negligible levels. At the incipient sol-gel
transition the condition (1) is not satisfied since the defects percolate through the specimen, i.e.
since the size of the largest defect cluster is singular 5 —y oo (OT cf -~ L in a finite lattice). Second
of two conditions, related to the interaction of adjacent defects, is also not satisfied in the
neighborhood of the percolation threshold rendering the conventional continuum theories and
micromechanical models based on the effective continuum (or mean-field) theory inapplicable.

In summary, in the neighborhood of the percolation threshold

p—pi and Eoe )
the geometry and topology of the microstructure is statistically self-similar. Within this range
percolation models provide good estimates of the macro response. At modest connectivities p for
which a small enough representative volume element exists, such that inequalides (1) are
satisfied, solid is stéristically homogeneous over a small enough volume needed to rcnder‘the
mean field theories applicable. The macro response within the crossover regime separating the
self-similar and macro-homogeneous regime depends not only on the defect density but also on
the direct interaction between the closely spaced micro-defects. Determination of macro response
within the crossover regime does not admit elegant analytical solutions. This type of problem is
typically approached using numerical simulations and introducing switching functions which in

two limits blend into self-consistent and percolation solutions [THORPE and JASTUK (1992)].




IV. CONTINUUM MODEL

Most of the existing literature [LEVITSKY and SCHAFFER (1974), HAHN and PAGANO
(1976), GUZ', et al. (1988), LI and BARBER (1989), BOGETTI and GILLESPIE (1989),
MALLICK and KRAJCINOVIC (1992a), etc.] related to the curing problem is focused on the
formulation of local continuum models. Based on the premise that all of the processes depend
primarily on the average stresses and strains these models are applicable only when the
microstructure is macro homogenous and the effect of the stress concentrations on the macro
response negligible. This is by no means true in the considered case. The geometry of the gel
cluster is all but regular. Absence of macro homogeneity renders the solid intrinsically non-local
and the rupturing sequence of links is a random process. However, for computational efficiency

it is necessary to formulate the continuum model as a general framework relating average

stresses, strains and temperature on the specimen scale. At p — 1 the equations of this model
refer to an effective solid statistically homogenous over length L, << L. Near the percolation

threshold p — p these equations and parameters refer to the specimen, i.e. gel cluster.

IV.1. Hear Conduction

Process of heat conduction is governed by the partial differential equation of diffusion type

[CIRISCIOLI and SPRINGER (1990), MALLICK and KRAJCINOVIC (1992a, 1992b), etc.]

0 = 0 T \  pH, Iy .
2 (oC,Ty=-2| kL |+ LT OZ ~1,2,3
5 Pl 81,-[ 9x;j+21/): or ¢ ) ©)

In general, density p, thermal conductvity K, and the specific heat C, depend on the extent of
the reaction. Total exothermic heat energy H, generated during the reaction is assumed to be a
constant for a specified resin and curing regime. Second term on the right hand side of (3)
represents the heat liberated during the exothermic reaction of bond formation. The parameter

x(y,t) represents the fraction of molecular bonds (probability that a given bond between two




molecules exists) and is, for a simple polyesterification reaction, related to the degree of cure

a(y,t) by the expression derived in STOCKMAYER (1943)

z=a @)
Relation (4) is crucial for experimental verification of the model since the degree of cure &

can be measured using scanning calorimetry methods [DUSI, et al. (1987)]. Another parameter

used in percolation models to quantify the connectivity, 1.e. the probability of finding a link

connecting two aggregates, is p. This parameter cannot be directly measured. The parameters

p(y,t) and x(y,t) are linearly proportional suggesting the following relationship that satisfies

asymptotic behavior at percolation threshold

p=t=2iHu- ) (5)

v

In (5) H(x) stands for the Heaviside function while y; is defined as a fraction of monomer bonds
at which the aggregates cease to be mobile and the process crosses over from aggregation to
bond percolation. The expression (5) preserves the asymptotic behavior of p and y in the
neighborhood of the percolation threshold. The need for this relation is further emphasized by the
fact that during the aggregation phase of the process p =0. The distinction existing between the

three parameters (¥, a, p), which define various aspects of the connectivity of the gel network,

has neither been fully recognized nor appreciated in the existing literature.

IV.2. Kinernl

The equation of the rate of chemical reactions can be derived from the collision theory. The
rate at which the bonds are formed depends on the probability that two m-mers, having sufficient
kinetic energy to overcome the molecular repelling forces, will collide and react within a unit of
time. ,According to the Boltzmann-Maxwell statistic [GLASSTONE, et al. (1941), etc.] this
probability assumes the form of the Arrhenius dependence on the temperature T and activation

energy U. The probability that a bond will be formed during the collision is proportional to




exp(-U / kpT) where k; is the Boltzmann constant. Activation energy U is defined as the

difference between the sublimation energy U, and the free energy @, i.e.

U=U0,-0=U,-(W-TS) (6)
The difference U, — ® represents the energy barrier, i.e. the energy which must be supplied for a
~ bond between two aggregates to either form or rupture [REGEL', et al. (1974) or KRAUSZ and
KRAUSZ (1988)]. The free energy & represents the diffcr;ncc between the internal energy W
and the product of the absolute temperature T and entropy S.

The net rate at which the links between the aggregates are formed during the percolation
phase is equal to the difference between the rates at which they form and rupture. The probability
that a link will form in a unit of time is, according to the Maxwell-Boltzmann statistics, equal to
I, ! exp(=U, / kyT), where 1, is'the period of the free thermal vibration of an atom. On the other
hand the probability that a link will fail in a unit of time is 7, Yexp[—(U, - ®;)/ kyT]. The
probability that a link will fail depends on the free energy it stores. Hence, the probability of

rupture changes from one link to the other. The net rate of the link accrual [MALLICK and

KRAJCINOVIC (1992b)] 1s, therefore, equal to

N
dp 1 U, 1w 1 U, —;
—=—exp|——= [(1-p)—— ) —exp| — > 7
i p( ka)( p) N,Z{fo p[ kT P> Dee 7

where N is the total number of links in the undamaged lattice (formed by aggregates as sites), p
and (1-p) the fractions of extant and absent links between aggregates, respectively. Expression
(7) assumes that the reaction is simple, i.e. that it does not involve "reaction loops". Equation (7)
can be appropriately adjusted for a given reaction type. It is interesting that the second term on
the right hand side of (7) was not introduced by GUZ', et al. (1988) and BOGETTI and
GILLESPIE (1989) even though they also considered the cure induced damage.

The number of links that will rupture within the time interval (0,f) can be obtained integrating

the second term on the right hand side of (7)




f 1Ny U -
exp(__L.@jds ®)

P, (1) = jN()

Thus, the equation (7) can be rewritten in a compact form as

k,T(s)

dp 1 U,
== 1— 9
a1, CXP( Lij( p=w) ©
where
w= Tcxp(i][y(db)dd) (10)
) kyT

with p(®)being the probability density function of free energies stored in individual links.
Expanding the exponential function in the argument of the integral in (10) into an infinite Taylor

series it follows that

—fE ( )(‘D)d‘p vaj(kbrjnﬁ(kjr) [LbT) Z* o (9) (b

0 n-—o

where

M, (9)=[0"B(p)dp (12)
o

is the n-th statistical moment of the distribution of the normalized free energy ¢ = @/ kT stored
in the individual links of the gel network. Hence the rate at which links rupturé depends on all
statistical moments of the force distribution in a disordered network. This alone makes this both

different from and much more complicated than a typical micromechanical problem.

IV.3. Stresses in the Curing Slab

Finally, it is necessary to derive the equation relating the macro (average) stress in the slab

and the eigenstrains related to the thermal and chemical shrinkage. The well known expressions
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for the relaxation of polymers due to the changes in the conformations of molecular chains
associated with the disentaglements and diffusion of segments [MEARES (1965)] must be
changed to accommodate the changing connectivity p(t,x) of the network. The character of the
viscoelasticity is determined by the vibratory motion of individual chain segments and the free
length of chains between two adjacent crosslinks. The characteristic time of relaxation depends
on the state of connectivity and the frictional effects which inhibit changes of conformations.

Continuum theory of the viscoelastic response of crosslinked polymers based on the Rouse
and Zimm models and the reptation dynamics was recently developed in [MARTIN, et al.
(1989)]. Elastic properties of a curing polymer change with the extent of crosslinking (growing
degree of cure ). Realizing that the change in the degrec of cure rcsglts in the chaﬁgc‘ in scale
(defined by the change in the correlation length ) ADOLF and MARTIN (1990) suggested a
redefined time to account for the proportionality between the relaxation time of a cluster and its
size. The ensuing time-cure superposition model approximates the viscoelastic deformation of
curing polymers by a sequence of states corresponding to discrete times defining the extent of the
chemical reaction.

The relaxation components of the strain tensor for a material with constant equilibrium shear
and bulk moduli are usually written in the form of a hereditary integral [MEARES (1965),
RABOTNOYV (1977)]. During a curing process the connectivity p(x;,t) is not a constant.
Hence, the ratio between the rate of the relaxation and the rate of cure changes. Immediately after
the emergence of the gel the extent of crosslinking is very small, the gel disordered and the
relaxation times very long compared to the cure time. Af advanced stages of the curing process
the free lengths of the polymer chains become much shorter. Consequently, the rate at which the
stress in the chains relaxes becomes small in comparison to the rate of cure.

In a general case of an arbitrary ratio between the rates of relaxation and cure, MARTIN and

ADOLF (1990) suggested that the equilibrium component of the deviatoric shear stress can be

written in form of the following expression




o () op,  9G.Ip(s)]
5 (t)=2JG,_,[p(s)]—§Tds+2Jeijﬂ( )——5——d5 (13)

€;i

where s;;, e;; are the components of the deviatoric stress and strain tensor. Also, e‘ﬁr is the

ij» &y
effective deviatoric strain tensor which couples the memory effects of the relaxation and the

equilibrium moduli of the curing polymer [MARTIN and ADOLF (1990)] defined by

7 (s)= jr [s — u, pQu)] =L "” (14)

The shear modulus is defined as usual by a sum of the equilibrium and relaxation moduli

G(p,1) =G.(p)+ G,(p,1). The non-dimensional (normalized) relaxation modulus in (14) is

defined by the ratio

G, (s)
F(s)=—=—"= G.(0) (15)

It can be shown that the general constitutive expression (13) tends to proper behavior at two
limits of the ratio between the rate of cure and the chain relaxation tmes.

The available experimental data related to hereditary materials indicate that the volumetric
deformation is elastic, i.e. that the bulk modulus does not change appreciably during a
viscoelastic deformation [RABOTNOYV (1977)]. This assumption is generally accepted on the
face value [MUKI and STERNBERG (1961), etc.] even though in the present case it is not clear
that the reptation effects are absent in tension. Assuming that the viscous effects are negligible
the bulk modulus is only a function of the connectivity p. The corresponding constitutive law

which relates the hydrostatic stresses and strains is then

akk<z>=jaK[pmJ%[ew)—3E‘<s>]ds (16)

where £°(s) is the volume averaged isotropic eigenstrain in the material due to the thermal

dilatation €, and the chemical shrinkage €. By definition, volume averaged chemical

shrinkage is directly proportional to the number of links formed between the aggregates such that




D= Pee = (17)

‘=E,h—§sh=a(T—Tce)— 5f
1= Pee

where &, T and &, are the coefficient of thermal expansion, temperature at the elastic

percolation threshold and the final extent of the shrinkage at the cure end (p =1).
To simplify the computations consider a weightless resin slab of constant thickness 2h,

infinitely extended in the (x,z) plane. Temperature on the traction free slab faces y=z=h, is
equal to the autoclave temperature T, (r) which is a known functon of time

T=T,() @y =+h, (18)

In absence of externally applied surface tractions (which are typically too small to be of

consequence) all volume averaged macro-parameters such as the average temperature 7, stress O

and strain € are only a function of time and coordinate y. The only non-vanishing stresses and

strains are 0, = 0, and gy. The final integral equation for the macro (volume averaged) stress in

the viscoelastic slab with changing connectivity can be, after some rather cumbersome

manipulations, cast into the following form

1 ' 2 do,09) BT 0, . [.er, . dCulp(s)]
2"x(m+JG~EP<S>]{3K[,,(S)] 22435 }m [ (=2

‘ B 2 do,(3,s)  .dE (3.8)|,

+JG,[I s,p(s)]{gK[p(S)] 123 520 }as_o (19)

(]

The initial conditions are that at + =0, stresses o, = ¢, =0 are equal to zero, while T=T,,
and p=pg,.-

The system of three coupled equations (3), (9) and (19), subject to mentioned boundary and
initial conditions, in terms of three volume averaged variables ¢, T and p, suffices for the
determination of connectivity, stresses, strains and temperature in the slab for a given regime of
autoclave temperatures. As already stated this conclusion implies that the term (11), i.e. the

effective properties and the exact distribution of forces in the renormalized network, can be

determined at any connectivity p.
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V. MICROMECHANICAL CONSIDERATIONS

Material parameters in (3), (9) and (19) are, in fact, effective parameters derived by averaging
over the representative volume element. As such they can be determined either by using mean-
field considerations (if the criteria for homogeneity (1) are satisfied) or applying the arguments
of the percolation theory (if the geometry and topology of the specimen are self-similar). In
addition to the material parameters it is necessary to determine the elastic properties of the links

of the renormalized lattice which connect the adjacent aggregates.

V.1. Stiffness and Rupture Strength of a Link Connecting Two Aggregates

Each of the links of the renormalized lattice represents itself a network formed by several
molecular chains crosslinked to each other. On the molecular scale the deformation modes of a
single chain include: change of conformation (segment rotation or gauche-trans transformation),
cavitation, slip and/or chain scission [KAUSCH (1987)]. To determine the "stiffness" of a chain
it suffices to consider only the change of conformation and its effect on the flexibility. A
stretching polymer chain passes through a sequence of a discrete equilibrium (minimum free
energy) states which correspond to different conformations. In the course of stretching process
very little energy is stored in the bonds. The change in the free energy is almost entirely
atributed to the decrease in entropy (diminishing probability of corresponding conformational
states). The deformation process of the described type belongs to the class of entropic elasticity.
If the force on a single free and highly deformable links is maintained for a long time the chain
reverts to its most probable conformation converting the excess energy into heat.

The stiffness of a single chain can be determined analytcally only for small deformations of
freely jointed single chains. In all other cases determination of the link stiffness requires
simplifying assumptions. Force-displacement relation in a crosslinked chain network combines

the competing effects of elastic stretching (enthalpic effects) and conformation changes (entropic
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effects). A crosslinked network is both dissipative and energy storing. Nevertheless, at small
deformatons the force-elongation relation remains linear but the spring stiffness is not a
constant.

Consider a crosslinked netWork consisting of N.chains each of which is formed of n;
segments. The average free energy stored in a segment of i-th link is ¢:(p) = ; /[N ns(p)).
Free energy stored in the link can be estimated assuming that: all chains have the same length
and that the end-to-end distances of each chain are defined by the Maxwell probability density
function [PEREPECHKO (1981)]. Subject to these assumptions the average free energy stored in

a segment of the i-th crosslinked network connecting two neighboring aggregates is

N ns(p) 7ns(p)£’2

where £ is the average distance between the aggregates and ng(p) the average number of

¢1(p) =

segments in a chain. As the number of segments in a crosslinked network increases during
curing the free energy decreases and the acdvation energy increases. The rate of rupture of links

connecting the aggreoatcs rupture (10) is now

2 Jco Blp)de  where 40*—‘?7 | @1)

where p(¢) is the probability density function of the distribution of free energy stored in lattice
links. Normalized free energy ¢ in (21) is redefined in view of the postulated rupture process of
radicalized chains. Mechanical energy stored in a link serves only to lower the energy barrier
through its contribution to the frccb energy. The increase of the temperature does not only
decrease the argument of the exponential function in (7). It also increases the free energy
through the entropy term and the rate of formaton of free radicals (reducing the time needed for
the rupture of a link caused by the scission of a single chain). Hence, the rupture of links
connecting the adjacent aggregates is a random process due to the non-deterministic nature of the
spatial and temporal fluctuations of thermal energy.

Formation of a crosslinked connection (link) between two adjoining aggregates is not
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instantaneous. Thus, the link "stiffness” varies with time during its formation. Link rupture is a
much more rapid process of chemical dissociation which is also not instantaneous. Since the time
needed to form and rupture a link is still short compared to the cure duration it will be assumed
that the spring stiffness remains constant from its formation to its rupture and that the link
rupture is instantaneous. These assumptions are entirely consistent with the selected resolution

length according to which events on molecular scale are smoothed out.

V.2. Elastic Moduli

The material parameters in the heat conduction equation do not exhibit singular behavior in the
neighborhood of the percolation threshold. In fact they change only slightly and to simplify the
derivation they will be considered as being constants [TWARDOWSKI, et al. (1993)].

. Additionally, it will be assumed that the bulk modulus changes with the connectivity in 2 manner

defined by the self consistent approximation, i.e. that in tension

K(p),:p_pce CeSPSI
Ko 1- Pece
where K, is the bulk modulus of the glassy phase and (22)
K=0 P S Pee

Expressions (22) ignore finer points of the scaling laws in the asymptotic neighborhood of the
percolation threshold and the interaction of defects in the crossover regime [SAHIMI (1986)]. A
more sophisticated expression for K(p) can be derived using blending functions [THORPE and
JASTUK (1992)] but the gain in accuracy will be minimal since the crossover region is typically
very short [FENG, et al. (1985)].

At the percolation threshold the shear stiffness of the slab is, by definition, equal to zero. As a

consequence of similarity the shear stiffness is expected to follow a universal power law

immediately after the slab passes through the gel point. This expectation was, indeed, observed
In experiments (suminan'zed in [MARTIN, et al. (1989)]) in which a polymer at gel point was

subjected to an oscillating strain field of constant amplitude. The divergence of the viscosity and




16

the equilibrium shear modulus in the asymptotic vicinity of the gel point is defined by the scaling
laws [ADOLF and MARTIN (1990)]
ne<lpee—p[ " and G ><|pe. —pf (23)

Universal exponents in (23) are z=dv =8/3 and 0 <k < 4/3, where d is the dimensionality and
v the exponent for the correlation length £ As the connectivity p is increased beyond the
percolation threshold the clusters grow in size. Large clusters diffuse slower than the small ones.
Thus, the degree of the cure is reflected as the change of the scale. Actual time must be
renormalized dividing it by the longest relaxaton time 7, which dominates the dynamics of the of

molecular chains. The longest relaxaton time is defined as a time needed for a chain of length &

to diffuse through its own radius. The longest relaxation.time

T, = JtGT(r)dt / j GT(t)ds = 'c'?: o< |p = pee| ) (24)
o o

also represents time at which the response crosses over from a simple to a complex viscoelastic
regime. Accounting for the fact that the decay crosses over form the power law to an exponential
law as the time r approaches the longest relaxation time the expression for the relaxation shear

modulus for the bulk polymer melt was specified by ADOLF and MARTIN (1990) as

z, 2/3 : 0.4
G, (1)=CG,, - exp| — = P> De (25)

where C is a constant which depends on the shear modulus of the glassy phase. Expression (25),
which represents the statement of the cure-superposition principle, is valid for a system in which
the solid phase (gel) percolates. The shear resistance is provided by the infinite cluster (gel)
which dominates the deformation process. The simple scaling law (25) was shown to replicate
the experimental data with a surprising accuracy [MARTIN, et al. (1989), ADOLF and MARTIN

(1990)] which persists well into the mean field regime.
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V1. DISTRIBUTION OF THE FREE ENERGY IN THE LATTICE

VL1. Distribution of Forces in Links in the Neighborhood of the Percolation Threshold

Determination of the entire distribution of forces in links of the renormalized lattice, needed
to compute the rate at which the links rupture from (11), is by far the most difficult aspect of the
problem. At the percolation threshold gel cluster is very disqrdered. Forces in cutting (red) links
can easily be two orders of magnitude larger than averages. Lattice simulations represent a
popular strategy for the determination of the forces in individual links. For example, the
distribution of the free energy stored in individual links of 32x32 planar triangular central-force
lattice, determined for several different realizations of the same statistics using conventional
methods of stuctural mechanics, is plotted in form of a bmncd hlstogram in Fig.2a. Thc same
distribution averaged over 100 realizations is plottcd in Fig. 2b Tail end of the dlsmbunon ie.
number of links storing large free energies, changes significantly from one physical realization to
the other and strongly depends on the lattice size L= Af (where £ is the link length). Moreover,
the probability to find a link carrying a large force will increase with the size of the lattice. These

two aspects (referred to as the mesh sensitivity) are especially important since the objective
modeling of typical resin specimens would require very large lattices which are unsuitable for
repeated simuladons needed to form a statistically representative sample.

For a lattice analysis to be objective the resolution (bond) length £ must be equal to the
inherent characteristic length of the microstructure (size of the nucleated sub-microcracks). In the
present case, the characteristic microstructural length is equal to the average distance between the
adjacent aggregates at the crossover from aggregation to percolation. The initial length of the
sub-microcracks [KUKSENKO and TAMUZS (1981), KAUSCH (1987)], nucleated in the
course of the rupture of a single link, is of the order of £=0.1um. Thus, to preserve the
objectivity, a cubic lattice occupying a cube with a volume of only 1 cm3 should be modeled by a
lattice having 10!5 nodes rendering direct simulations [such as those by TERMONIA, et al.
(1985)] impractcal if not impossible. A lattice is a true model of a microstructure only if: (a) the

link length £ is equal to the distance between two adjacent aggregates, (b) the force-elongation
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relation in a link is defined by (20) and (c) its type is defined by the functionality of the
monomers. Lattices with link lengths which are orders of magnitude larger than £ are -
approximations which will in this case lead to erroneous results.

According to the expression (11) the rate at which links rupture is dependent on the
distribution of energies stored in individual links which is defined by an infinite series of
statistical moments M, (¢). Assuming that all links have identical stiffness & it follows that the
energy stored in links is 2&; = k7. With the help of the identity H(v/® )d(v® )= H(®)dd the
above described problem may be reformulated in terms of the forces carried by individual links.
Since the forces in links of the network in the asymptotic neighborhood of the percolation
transition are atmbutablc pnmanly to the chemical shrinkage the probability of finding a large
compressive force in a link is negligible. In the considered slab only the links in the (x, z) plane
are subjected to substantial tensile forces. Hence, to simplify the analyses further the actual three-
dimensional lattice is approximated by a stack of parallel two-dimensional triangular central-
force lattices in (x,z) planes. Consideration of three dimensional lattices does not present
conceptual problems but is, nevertheless, computationally few orders of magnitude more time
consuming. Therefore, it seems reasonable to focus on the two-dimensional problems first.

| Consider first the distribution of forces in links of a two-dimensional lattice the neighborhood -
of the percolation threshold. The mass of the spanning cluster (zero-th moment) scales with the
lattice size as AP where (D =91/ 48). As a result of its highly ramified structure most of the
links of the spanning cluster do not carry any load. Within the node-link-blob picture, these
cantilevered links (dangling ends) account for a large part of the spanning cluster mass. Only a
fraction of the links belonging to the spanning cluster can store free energy. Links that carry non-

zero loads form the spanning cluster backbone. The mass of the backbone is proportional to

S n(f,L) = 2P (26)
/=0

where D, =1.62+0.02 (in two dimensions) is also a universal exponent. The cutting (or red)

links connecting the blobs carry largest loads. The number of cutting links scales as MY where
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(v=4/3) [CONIGLIO (1981)]. The universality of these scaling laws and exponents (D,D;, V)
is the consequence of self-similarity (as the correlation length £ — o) of the lattice geometry in
the neighborhood of the percolation threshold. The ultimate task is to determine the number of
links n(f,A) carrying different forces f in a lattice of size A =L/ which is geometrically
represented by a binned histogram of forces in links. Statistical moments of the distribution of

forces in the neighborhood of the percolation wansition are defined by

M) =Y frn(f.A) = [ frn(f, )df = 220 27)
o

In contrast to fractals (such as mass of the backbone) each statistical moment of the distribution
of forces in links scales with a different exponent. Combutation of the rate at which links rupture
(11) 1s reduced to determination of the set of size-independent exponents z(k) (k=0,1,...,00).
Instead of performing repeated numerical simulations on lattices to determine z(k) in (27) it
is much more efficient to make use of the existing data for the current ransmitting fuse networks
[HANSEN (1990), ROUX and HANSEN (1990), etc.] and establish an analytical transition
between fuse and elastc networks [HANSEN and ROUX (1988)]. Consider, therefore, first a

fuse network for which

1
(M (W) =Y P ne (i, 2) = [i*n (1,2 )di o= 2750 (28)

"o

where n(i,2) is the number of links carrying current i . The subscript "c" indicates a constant
current ensemble, i.e; a set of networks carrying the identical current. The product z'kn(i,?v) is
very small at both limits (i = 0,1) (since the number of cutting links is very small) and peaks at
an intermediate value of current i,. Hence, the integral in (28) may be estimated using the
method of steepest descent or saddle point [see de ARCANGELIS (1988), HANSEN (1990) or

STAUFFER and AHARONTI (1992)] as
My, = (i, A)if (29)
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The current i, at which the integrant in (28) peaks is given by extremum condition

d{ln[n(li M, (30)
din@] |,

At the percolation threshold every function is expected to scale as a power law. Hence

2er ) and  n(ia)e= M | Gy

Substituting (31) into (29) and comparing the ensuing expression with (27) it follows that
x(k) = f (k) — ka(k) (32)

The exponents in power laws (31) are then

cay__dx__In()) Ay o(h .y - In[n(i,A)]
a(i,A)= &) FUA)=x(k)+ ka(k) _—__ln(l) (33)

Parameter a(i,A), referred to as the Lipschitz-Hoelder exponent [PYRAK-NOLTE, et al.
(19925], defines the spatial distribution of currents. Functon f(i,A) is the fractal dimension of
the support of current distribution. As shown in HANSEN (1990) and STAUFFER and
AHARONI (1992) the exponents (33) are indeed independent of the lattice size A. Consequently,
the graphs in the (f,a) space computed for different lattice sizes A do collapse on a single,
master curve. The functon fla(k)] (33.b), representing an infinite series of exponents x,.(k), is
referred to as the multifractal spectrum, and is as universal as the scaling laws (exponents). A
straight line with slope (-k) is tangent to the curve. fla) at point a;, defined by (33) which provides
the main contribution to the k-th statistical moment (29). Hence, the apex of the curve in Fig.3
corresponds to the zero-th statistical moment f[a(k =0)]=D,. The point of the curve with a
vertical tangent f[a(k — o0)]=1/ Vv corresponds to the statistics which is dominated by the
cutting crosslinks. It can be shown that the curve (33) is strictly convex [HANSEN (1990)].

Even though the analytical expression for the scaling exponent x.(m) is not available the
simulations in HANSEN (1990) can be fitted by the following expression

x.(m)=0.75+0.87¢70676m (34)
Exponents computed from (34) satisfy the analytical results for the required limits as m — 0
(mass of the backbone), (m — <o) mass of cutting links and the lattice conductivity (m = 2).

Extensive numerical simulations in support of the above discussed representation of the
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multifractal spectrum make a compelling argument for its utility in the determination of the
distribution of currents in a fuse networks. However, the elastic percolation in central force
lattices and conduction percolation in fuse networks represents two different universal classes.
Thus, the multifractal spectrum (34) cannot and does not apply to elastic percolation problems.
Consider now a lattice of size L = A subjected to tractions applied at its boundaries. As a
result of the vectorial nature of the equilibrium conditions the forces in cutting links can be much
larger than the applied forces and can, in the limit, tend to infinity. Assuming that the k-th
moment of the distribution of the square root of the energy stored in the lattice links scales as a

multifractal (similar to (28)) it follows that

[Mkjf = Z(xfd’—;)j 5

J

(o) 2372 2

It is reasonable to conjecture that the transition rule between two universal classes can be

0“3

inferred on the basis of the relation existing between the scaling exponents for the effective

compliance y,(2) and resistance x.(2). Using the results summarized in SAHIMI (1986) it
follows that

yr(2)=x.(2)+2 (36)

The HANSEN and ROUX (1988) conjecture consists of assuming that the relation (36),
which is true for the second moments, will remain valid for all moments of the two distributions.
Scaling exponents of two distributions (27) and (35) are assumed to be related as if (36) is true
forall n

yem=xm)+n (37)
Subscript "f" stands for the constant externally applied force ensemble.

Consider a two-dimensional, elastc, central-force network and denote by F, X and S the
external tensile forces applied at two opposite ends of the network, corresponding elongation and
effective compliance of the network, respectively. Observed network is near the percolation

threshold. Total elastic energy stored within the gel cluster is for unit stiffness of individual links




(38)

where @ is the free energy of a crosslink and with sum extended over all crosslinks forming the
gel backbone. For a constant unit force F = 1, the effective compliance of the gel cluster (second

moment of the free energy distribution) scales for a constant force ensemble as

oo

S=0My)y = Y (VB n(V®.2) = [(VO) n(v®,2) (V&) e 27 (39)

0
Next task is to perform the transition from the constant force to the constant free energy
ensemble. The total free energy is equalto ¢ =F 25 /2, where the effective network compliance
S is constant during entropic deformation only at small "strains". Thus, for a constant force
F =1 it follows that
(Ml =552 IM, ), (40)
where the subscript "ee" refers to the elastic energy ensemble. From (39) and (40) it follows that
e B)= 370~ 32) (1)
In the present case the control parameter is the energy density. Since the total energy of the

lattice scales as 1¢ (where the dimensionality d=2), using (37) and (41) it finally follows that

Vet ()=, () + k=23 (D)= 2. () - S x.(2) (“2)

where subscript "ed" refers to a constant energy density.

The expression for the scaling exponents for all statistical moments of the distribution of free

energy stored in links, derived from (34) and (42), has the following form
Y,0(n)=0.75+0.51n +0.87¢ 676" (43)

where as required y,,(0) = D, =1.62and y,,(2) =2 (since F=1).
The analydcal expression for the multifractal spectrum is from (33.a)
fla(n)]=1.51-1.48a+0.87(0.87~1.7a)log(0.87—1.7a) (44)

The muliifractal spectum f(a) vs. &, defined by (44), is plotted in the Fig. 4.

The scaling law (44) for the statistical moments of the energy stored in the links of the
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network is based on the conjecture (37) and should be verified by numerical simulations on
lattices. This task was undertaken by HANSEN and ROUX (1988) who performed extensive
simulations on triangular central force lattices ranging in size from 30x30 to 80x80 nodes. The
results predicted by the multifractal formalism were in very close agreement with numerical
simulations for all low order moments (up to n=4). Errors of about 15% for n=5 should have
been expected in view of the relatively small lattices and modest statistical samples (only 50
realizations on largest lattices). In summary, the proposed multifractal formalism describes the
microstructural disorder in the neighborhood of the percolation threshold with a remarkable

combination of accuracy and simplicity.

VI.2. Distribution of Forces in the Links in the Qff-Threshold States

- The lattice disorder, and the attendant fluctuations of forces in crosslinks about the mean
value, is largest in the asymptotic neighborhood of the percolation (connectivity) transition.
However, at this stage the mean force in the nchork is minimum (almost zero). Thus, largest
stress concentrations may take place at larger connectvities p. To establish the phase of the

curing process during which the microcracks are most likely to nucleate and grow it is necessary

to extend the derived multfractal scaling laws to the off-threshold states (p > p..).

As a first step consider an infinitely large latice 2 — oo which contains a relatively small

fraction of ruptured links (i.e. a state p— 1 far away from the percolation threshold). The
dismibution of the energy stored in links becomes fractal (dependent on the average mass of
extant links - mean field case) such that for p — 1 the distribution of energy stored in links is
A(N®, A, p — 1) e A (45)
where f,=2 since the number of links storing energy must scale as the "volume” of the
considered two-dimensional network. In a perfect (undiluted) network the scalar quantity v&

(free energy density) is independent of the network size. Thus, since

'\[d_)- o< )»a’ (46)

it follows that a, =0 at p = 1. Consequently, in an undamaged lattice the multifractal spectrum
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collapses on a single point (a,, f,) in the space of the rescaled energy and energy distribution

(independent of the length scale). To determine the distribution of energies stored in individual

Jinks of the lattice in an off-threshold state it is necessary to define the rule governing the gradual

evolution of the scaling exponents from the state (a, =0, f, =2) 1n a pristine lattice (p=1) to
the multfractal spccuﬁm (42) at the elastic percolation threshold (p = Dce)- At an arbitrary state
(12 p= p.,) energy distribution in the elastic networks can be described by scaling laws [ROUX
and HANSEN (1989), HANSEN, et al. (1991)] as |

(NP A, p) =< AFB and O, p) e AP (47)

The function F(f) reflects the multifractal nature of the distribution of forces in the critical
state. In the pristine state all diagonals of a wiangular central-force lattice carry the same force,
and the distribution of forces shrinks to a single point. In critical state (elastic percolation) the
distribution of forces ranges from zero (dangling ends) to very large magnitudes (cutting links).
The band-width of the force distribution increases gradually in proportion to the accumulated
damage (decreasing connectivity p). In order to define the relation between the band-width of the
force distribution growth and the increasing disorder ROUX and HANSEN (1989) and

HANSEN, et al. (1991) introduced an intensive thermodynamic variable

_In(&)
&= In(2) (48)

which plays the role of the control parameter (instead of the number of ruptured links) or "time".
The corresponding intensive thermodynamic flux is

B)=Ca (49)
Statistically (49) defines the band-width of the distribution of free energies stored in the links of
the lattce. This band-width depends on the lattice size and current connectivity p.

The respective intensive histogram is

FIB).01=2-{[2~ f(a)] (50)
Evolution of the multifractal spectrum with the change of the connectvity p is plotted in Fig.4.

The final expression for the scaling law for the histograms of links binned with respect to the

energy they store can be derived combining expressions (44), (47) and (49) in the form
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FIBW).L) =2~ 5[0.49 + 1.48%+ 0.87(0.87 - 1.7-?)1{0.87 - 1.7%)] (51)

An approximate analytical expression for the multifractal spectrum (constant energy density
ensemble) can be derived using the Legendre transformation (33) and (43, 51) in the fonn‘
| Yoz (1, p) =2—={(p)[1.25-0.512n— 0.87 exp(—0.676n)] (52)

For current purposes it suffices to notice that the scaling law (47), with (52) fully determines
all statistical moments of the distribution of energy stored in each link in both critical and off-
critical states (i.e. for each p., < p <1 and arbitrary lattice size A). In conjunction with equation
(19) these expressions provide the needed background for the determination of an analytical
solution for the rate at which the crosslinks fupturc duﬁng the curing process in a two-
dimensional central-force network of arbitrary size.

In all cases of practical importance (when the linear size of the slab exceeds few millimeters)
the networks must be very large. The probability distribution density function of the energy
stored in crosslinks can then be written dividing the distribution of energy by the total surface
area of the network as

y2
p(®¥%,4,p)=C, M = A2 (53)

where C) is the non-dimensional amplitude which characterizes the backbone mass. The n-th
statistical moment of the above given probability density function p(d,A, p) is then

M,]= ch" H(D)dD o< 23 (54)

0 A

Exponents of the scaling law for the moments of the statistical distribudon of energy stored
in the crosslinks of the central-force network can be derived substituting the identity
p(®)dd = p(PY?)d(PY?) into (35) and comparing the result with (54) in the form

z(n)=y(2n)-2 (55)
Using (52) in (55) it finally follows that

z(n,p) = ((p)[-1.25+1.03n + 0.87 exp(-1.35n)] (56)
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The exponents of the scaling law for the statistical moments of the distribution of energy
stored in crosslinks depends on the correlation length £ and connectivity p implicitly through the
parameter ¢ in (56). However, the dependence of the correlation length on the fraction of extant
crosslinks (connectivity of the lattice) p is different in the mean field and percolation regimes.

For present purposes it seems reasonable to use an approximate expression

_(1-pY
{(p)= (1 T J (57

which smoothly interpolates range between the limits x(p = p.,) =1 and x(p =1)= 0. Exponent

m in (57) is an adjustable constant taken as an integer larger than unity.
The expression (54) for the moments of the energy distribution can now be rewritten as
M, = C,C5Ax") ' | (58)
Two constants C in (58) are estimated from the first two moments of the energy distribution

M, = [ (®)dd = py = ;27 My = [ Op(D)dD = Dy = C1Co 270 (59)
o (7]
where pp, is the number of bonds (mass) in the backbone and ®avg the average energy stored in
the bonds of the backbone. Since the energy density @/ 22 is an intensive property from (58) it
follows that z(1) = 0. Final expression for all statistical moments follows form (58, 59)

M, =C" g, A% (60)

Parameter C; is determined by fitting numerical simulations [MALLICK (1993)] for the first

statistical moment (which is not nearly as sensitive the higher moments).

Rate at which the links rupture (11) can finally be rewritten in view of (60) as
oo e n oo
we Z%[ ¢avg J Cll_nZ'Z(n) where aavg = Jaﬁ(a)da ) (61)
’ 0

The rate of link accrual can now be determined analytically from the expression (7), in

conjunction with (56, 57, 61), for any specimen size A., without time consuming numerical

simulations.
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VIL ILLUSTRATIVE EXAMPLE

Utility of the above formulated model can be illustrated on the example of the epoxy resin
known as diglycidyl ether of bisphenol A (DGEBA). Material parameters for the selected resin
were taken from LOOS and SPRINGER (1983), BOGETTI and GILLESPIE (1989) as:
conductivity Kr=0.167 W/(m K), resin density p= 1.26-103 kg/m3, specific heat C,=1.26-103
KJ/(kg K), heat of reaction H= 474 KJ/kg, coefficient of thermal expansion ¢ = 6.2:10 (1/°C),
final shrinkage strain &= 0.02, equilibrium shear modulus of the fully cured resin G, (p=1)=
1.06-103 MPa and the equilibrium Poisson's ratio v,, =0.3. The activation energy of the resin
was assumed to be U,=2-10° J [REGEL, et al. (1974), TERMONIA, et al. (1985)]. The period of
molecular vibration f,= 10-12 sec was assumed to be temperature independent [TERMONIA, et
al. (1985)]. The autoclave temperature regime is shown in Fig.2 of this paper. The temperatures
are T,=25°C, Ty=125°C while the times are t;=2 hrs, f2=4 hrs. and 13=6 hrs..

The average diameter of polymer aggregates was assumed to be 300 A and the distance
between the aggregate centers £=0.05 pm [ERATH and ROBINSON (1963, MIJOVIC and
TSAY (1981)]. Slab thickness and length were taken to be 2h=1 cm and L=0.5 m, respectively.
Consequently, in order to keep the resolution length as being equal to the size of the distance
separating two aggregates the number of links in one row should be A =L/¢ =10". This
illustrates the magnitade of the numerical effort associated with mesh-independent numerical

simulations on lattices. The rigidity percolation threshold of the fcc lattice was taken as

Pee = 0.5 [FENG, et al. (1985)]. The degree of cure ¢ at the gel point is found to occur between
0.55 and 0.8 [PLAZEK and FRUND (1990)]. Thus, 0.3< ., <0.64. In computations it Qas
assumed that ., = 0.55.

The evolution of temperature, degree of connectivity and fracton of ruptured links with ime
are depicted in Fig.5 at the surface and the mid-plane of the slab. From the plotted data the rate
of damage evolution and growth is most pronounced during the period at which T=Tg
characterized by rapid increase of the degree of cure. Hence, damage evolution depends almost

entrely on the reaction rate (chemical shrinkage) as hypothesized in GUZ), et al. (1988). Only an
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insignificant fraction of total damage can be attributed to thermal shrinkage associated with the
cooling cycle in the autoclave. The variation of the degree of cure across the slab thickness is
plotted in Fig.6. Variation of the viscoelastic (average or mean-field) normal stresses across the
slab thickness during cure are shown in Fig.7. Largest stresses occur at the mid-plane of the slab.
Variation of average stresses at the surface and mid-plane of the slab as a function of time are

plotted in Fig.8.
The dominant role of stress concentrations (attributable to excessive disorder) in damage

evolution is obvious from the fact that the link rupture rate within the interval (¢ >4 hrs.), in

which the stress is largest, is insignificant. In fact, significant microcracking occurs in the

interval (2>1>4 hrs.) during which the magnitude of average stresses is below 20% of

maximum value. This result alone proves that the application of traditional mean field models in

this case leads to wrong conclusions. From the performed computations it is also obvious that
most of the damage occurs away from the slab surface making its detection difficult. The cure
induced damage levels of approximately 10% at the mid-plane and average damage levels of half

of that severity is consistent with the available data.

VIII. SUMMARY AND CONCLUSIONS
The proposed analytical model for the determination of the damage incurred in thermoset
resins during polymerization: (a) encompasses three scales (molecular, micro and macro), (b)

couples equations of chemical reaction rate, heat transfer and mechanical equilibrium and (c)

. clearly identifies all material parameters. Moreover, the proposed model considers the

microstructural disorder and suggest a potent analytical method for the determination of the
stress concentrations characteristic of the disordered microstructures. A simple discussion of the
relative magnitudes of three characteristic lengths demonstrates that the conventional
micromechanical models, based on the effective continuum (or mean-field) theory, would not be
applicable in the consideréd case. Polymerization of resins is, in fact, a paradigm of this class of

problems since the microstructure must by definition pass through the percolation threshold
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characterized by large disorder and entropic deformation processes. It is well known that the
mean field estimates of the scaling laws for macro parameters and defect distribution are in
substantial error in the neighborhood of the percolation (sol to gel) transition.

The proposed modes is based on a proper equation for the rate of chemical reactons (7)
which, in contrast to existing models, includes the rate at which the links rupture (rate of damage
evolution). Moreover, this equation is cast into a form which: (a) demonstrates the dependence of
the rate of damage evolution on the stress concentrations in the disordered microstructure and (b)
allows application of the multifractal formalism. The parameters of the efiective solid are
determined in the mean-field and the self-similar regimes. Constitutive relation for the solid (19)
was derived on the basis time-cure superposition model of stress relaxation in viscous materials
with changing connectivity proposed by ADOLF and MARTIN (1990). Effect of the micro-
structural disorder is introduced through the material parameters and the distribution of forces
within the diluted lattice.

One of the principal objectives of this work was to emphasize the fact that the damage during
curing must be attributed to the large stress concentrations which take place because of the
strongly disordered microstructural geometry and large spatial and temporal fluctuatons of
temperature. This fact alone separates this model from those available in the literature. Using this
approach it was shown that the damage evolution is a random process whicl: depends not only on
the stresses but also on the temperature fluctuatons. Moreover, damage accumulation and
patterns depend not only on the average stress but even more so on the extreme stresses (stress
concentrations in a disordered latdce). In fact, computations (Figs. 5 and 8) indicate that the
mean field (effective properties) models will always lead to erroneous conclusions.
Microstructural disorder and attendant stress concentradons are, therefore, dominant aspects of
system near the phase transition. Consequently, the conventional fracture mechanics criteria,
derived for enthalpic deformation processes, should be replaced by the non-deterministic criteria
of the kinetic theory which fully recognizes the effect of the disorder. The application of the non-

deterministic models of the kinetic rupture theory are further justified by the fact that they are
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applied at the scale of molecular chains at which the bond rupture can be interpreted as the
chemical reaction of the bond dissociation. Finally, the proposed model provides a rational
estimate of the size effect through the parameter A in the expression (60).

At this stage of the development the proposed model was for numerical efficiency based on
several assumptions which can be readily eliminated if so desired. The transition to three
dimensional lattices is one of assumptions which will require non-trivial further considerations.
Further validation and verification of the model and a more brecise identification of some of the
parameters will require adequate experimental studies. In summary, the proposed theory
represent a radical change of some of the basic concepts of micromechanical modeling by
acknowledging the essential role of the disorder in damage evolutuon. As such the proposed
model is not merely an incremental improvement of the existing continuum and

micromechanical models based on averaging (or homogenization).
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Fig. 1: Phases of the polymerization process in resins.

Fig. 2: Distribution of the free energy in the links of a 32x32 triangular central-force lattice
near the percolation threshold (p=0.67) obtained by numerical simulations: (a)
four different realizations and (b) distribution averaged over 100 realizations.

Fig. 3: Multifractal spectrum f(a) vs a at the percolation threshold for the case of the
constant energy density ensemble. _

Fig. 4: Evblun’on of the multifxﬁctél spectrum F(B) vs. B for a growing connectivity D.

Fig. 5: Evolution of the normalized temperature (7'/T,), degree of cure (), average
connectivity density p and density of fractured links pR with time at: (a) external
slab surface and (b) slab midplane.

Fig. 6: Variation of the degree of cure (&) with time across the slab thickness.

Fig. 7: Variation of the avcrégc normal stresses (G,,,0,,) with time across the slab thickness.

Fig. 8: Variation of the average normal stresses (6,,,6,) with time at the surface and mid-

plane of the slab.
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Abstract—The elastoplastic constitutive analysis which utilizes the mode!l of multiplicative
decomposition of the deformation gradient into its elastic and plastic parts has been mainly
developed and applied to elastically isotropic materials, which remain isotropic during the process
of plastic deformation. This paper extends the application of the model to materials that change
their elastic properties during the deformation process as a result of the material degradation and
the corresponding damage. The exact kinematic and kinetic analysis of the finite deformations leads
to an additive decomposition of the total strain rate into its elastic, damage and plastic constituents.
The general structure of the expression for the damage strain rate is derived, valid for utilized
damage tensors of any order. The analysis of elastoplastic deformation of elastically anisotropic
materials without damage is also presented, with the application to transversely isotropic materials.
The relationships between the elastic and plastic strain rates and the components of the multiplicative
decomposition and their rates are also given.

1. INTRODUCTION

Let 4, be the initial, undeformed configuration of a considered material sample, and
2, its deformed configuration obtained by a specified loading program from the initial to
current time 7. Assume that a loading is beyond the elastic limit, so that inelastic deformation
processes take place, pertinent to internal structure and composition of the considered
material. For example, if the material is a ductile metal, inelasticity is caused by the
dislocation motion and related micromechanisms occurring within a metal polycrystalline
structure. For a brittle material, such as rock or concrete, inelastic deformation is a
consequence of the evolution of internal crack structure, i.e. the initiation and propagation
of microfractures within the material sample. Whatever the cause of inelasticity is, let F be
the deformation gradient that maps the infinitesimal material element dX from its initial
configuration to its current configuration dx, i.e. dx = FdX. Both the initial X and the
current x locations of the material particle are referred to the same, fixed set of the
rectangular coordinate axes. Introduce next the intermediate reference configuration £, by
elastic distressing the current configuration &%, to zero stress. Therefore, defined con-
figuration differs from the initial configuration by residual (plastic) deformation, and from
the current configuration by reversible (elastic) deformation. If dp is the material element
in #,, corresponding to its configuration dx in £, then dx = F.dp, where F, denotes the
deformation gradient associated with elastic loading from £, to 4,. Introducing alsn the
deformation gradient of the transformation %, — 2,, by dp = F,dX, the multiplicative
decomposition of deformation gradient follows (Lee, 1969):

F=FF, (1)

F, is customarily called elastic, and F, plastic part of the total deformation gradient F. For
inhomogeneous deformations, only F is the true deformation gradient, whose components
are the partiai derivatives éx/¢X. In contrast, the mappings &, —» 4%, and %, — £, are not,
in general, continuous one-to-one mappings, so that F, and F, are not defined as the
gradients of the respective mappings (which may not exist), but as the point functions (local
deformation gradients). In the case when elastic distressing to zero stress (%, —» £,) is not
physically achievable due to the onset of reverse inelastic deformation before the zero stress
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is reached (which often occurs at advanced stages of deformation due to anisotropic
hardening and strong Bauschinger effects in ductile metals, or due to the incomplete
frictional back-sliding of the crack faces in brittle rocks), the intermediate configuration
can be conceptually introduced by virtual distressing to zero stress, locking all inelastic
structural changes that would occur during the actual distressing.

Deformation gradients F, and F, are not uniquely defined, because arbitrary local
material element rotations superposed to unstressed state give alternate intermediate con-
figurations. However, if the material is elastically isotropic and remains such during the
inelastic deformation, preserving its elastic properties, the elastic strain energy . per unit
unstressed volume is an isotropic function of the right Cauchy-Green elastic deformation
tensor C, = FIF,, i.e. ¥ (QC.Q") = y(C.). Here, Q is an orthogonal tensor corresponding
to arbitrary rigid-body rotation superposed to the unstressed state (superscript T denotes
the transpose). The elastic stress response from &, — 2, is, therefore, not influenced by the
nonuniqueness of intermediate configuration and is given by the well-known isotropic finite
elasticity law (Truesdell and Noll, 1965)

2 oydBY
=TF %,

2)

In eqgn (2), the strain energy (per unit unstressed volume) . is an isotropic function of the
left Cauchy—Green elastic deformation tensor B, = F.F{, | | denotes the determinant and ¢
is the Cauchy stress tensor. This structure of elasticity law was used in a series of papers on
the elastoplastic constitutive equations by Lee and his coworkers (Lee, 1969 ; Lubarda and
Lee, 1981; Agah-Tehrani et al., 1987), by Lubarda (1991a, 1994) and Lubarda and Shih
(1994).

Few attempts were made to extend the analysis based on the multiplicative decompo-
sition to materials that are elastically anisotropic in its initial (underformed) configuration,
or to materials that develop elastic anisotropy during a course of inelastic deformation
(Dafalias, 1985; Lubarda, 1991b). In fact, since in most elaborations it was assumed
that elastic properties are not influenced by the previous inelastic processes, which is an
unacceptable assumption in many cases of engineering importance, the usefulness of the
decomposition was seriously questioned (Nemat-Nasser, 1982). The difficulty was partly
related to the nonuniqueness of the unstressed configuration, its consequences on the
anisotropic elastic response, and anticipated mathematical difficulties that may arise in
proper handling of the analysis. This paper is, consequently, devoted to the generalization
of the existing constitutive analysis, based on the multiplicative decomposition, to materials
that change their elastic properties during the inelastic deformation process, and exhibit
the damage-elastoplastic response. The general formulation is presented, restricted to
isothermal and time-independent material behavior.

2. DESCRIPTION OF ANISOTROPIC ELASTIC RESPONSE

Consider an intermediate configuration &, obtained by distressing the current con-
figuration &, to zero stress. Assume that the material in configuration &, is elastically
anisotropic. either because it was initially anisotropic, or because it has developed elastic
anisotropy during the previous inelastic deformation (for example, due to the grain rotations
in a polycrystalline metal sample and the consequent crystallographic texture, or due to
anisotropic crack progression in the brittle rock samples). Therefore, let & denote a set of
the symmetric tensor variables of various orders (scalars, second-order, fourth-order
tensors, etc.). attached to the current configuration #,, which appropriately account for the
degradation of elastic material properties and their directional changes, accumulated during
the previous inelastic deformation. The variables & will be referred to as the damage
variables. For example, in modeling inelastic behavior with infinitesimal elastic component
of strain, the current (degraded) fourth-order elastic stiffness tensor can be selected as
an appropriate damage tensor (Dougill, 1983). Ortiz (1985) has used the current elastic
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compliance tensor as the damage tensor in his study of inelastic behavior of concrete [see
also Lubarda and Krajcinovic (1993, 1994a)).

Even if there is no degradation of elastic material properties, the tensor variables £
can be introduced to properly and conveniently describe the state of initial elastic anisotropy
of the material [structural tensors (Boehler, 1987)]. For example, in the case of transverse
isotropy with the axis of isotropy in the current configuration 2, coincident with the
direction n, the structural tensor is the second-order tensor & = n ® n. For orthotropic
material with the principal directions of orthotropy coincident with the directions n,, n,, n;,
the structural tensors are n, ® n;, n,® n, and n;® n; = I—n, ® n, —n, ® n, (I denotes the
second-order unit tensor and & the outside tensor product). The structural tensors cor-
responding to a general elastic anisotropy can be similarly formed and are given in Boehler
(1987).

The introduced damage variables can only change during continuing inelastic defor-
mation but remain unaltered during elastic unloading or reverse elastic loading, except for
the elastic embedding which convects them together with the material. Therefore, the
damage variables Z in the current configuration 4%, become the variables % in the inter-
mediate configuration, induced from & by elastic deformation F.. For example, for the
second-order damage tensor, the induced tensor can be defined by a transformation of the
weighted contravariant or covariant type, i.e.

g =|FR"F;'ZF;T or & =|F|""F{ZF., N €))

where m is the weight and (— 1) denotes the inverse. For the fourth-order damage tensor,
the corresponding induced tensor is

g =|F"F, ' @F,'ZF;TQF T or & =|F|"F.®F.2F ®F. (4)
For example, the second tensor in eqn (4) has the components
@ ikl = | Fel™" (Hx)T(ch‘/f)T—CZz/f;-é Iijkl'fi/‘ (5)

To describe the elastic response of anisotropic material at the current state of deformation
and material damage, the strain energy y per unit initial volume is assumed to be given by

¥ = ¥(Ce ). (6)

Note that ¢ = | F| ., where i, is the elastic strain energy per unit unstressed volume in
the intermediate configuration. Since the unit of unstressed volume contains a varying
amount of mass during the deformation process whenever plastic deformation is compress-
ible, so that | F,| # 1. the strain energy ¢ per unit initial volume is introduced in eqn (6), as
it always refers to a fixed amount of mass.

Since the material response is independent of the superposed rotation to intermediate-
unstressed configuration. eqn (6) has to be an isotropic scalar function of the set of all its
arguments, i.e. C. and &. For example. if the set & consists of the second-order tensors &,
and the fourth-order tensors &, the isotropy of ¢ requires that for every orthogonal
transformation Q,

Y(QCQ™.QZ.Q",Q®Q%¥.Q"® Q") = Y(C.. 7. Z.). 7

Note that under the superposed rotation Q of the intermediate configuration, & does not
change, as it is defined with respect to the current configuration. Since F, changes to F.Q",
from eqn (3) it follows that &, changes to Q%-Q". An analogous change rule applies to
the fourth-order damage tensor ., as utilized in eqn (7).

The theory of isotropic scalar and tensor functions of several tensor arguments has
been extensively studied in the literature. A comprehensive treatment of various important
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issues has been presented by Spencer (1971, 1987) and Boehler (1977, 1987). There the
integrity basis for the considered functions are derived mainly for the vector and second-
order tensor arguments. Betten (1982, 1987, 1992) has also considered the functions that
depend on the second- and fourth-order tensors and construction of their individual and
joint invariants. For example, if & in eqn (6) is a single second-order symmetric tensor, ¥
can be represented as a polynomial of its irreducible integrity basis consisting of the
following invariants:

(C.:1),(C.:C),(C2:CY, (2 :D,(2: D)
(D*: D),(Ce: D),(C.: %), (C: D), (CE: 27). (8)

In eqn (8), (:) stands for the inner (trace) product of the second-order tensors. The integrity
basis can be written for any finite set of second-order tensors. Spencer (1971) provides a
list of invariants and the integrity bases for the polynomial scalar functions dependent on
one to six second-order tensor arguments. For general (not necessarily polynomial) func-
tions, the integrity bases are replaced by the function bases, which, in general, contain fewer
terms than the corresponding integrity bases. For example, the function bases of the general
scalar function dependent on an arbitrary number of second-order tensors are composed
of the traces of the products of all unordered combinations of only one, two and three
tensorial arguments (Boehler, 1977).

The construction of the integrity bases for the second- and fourth-order symmetric
tensors is a more difficult task. Some of the individual and joint invariants are listed below
[for the more complete list, refer to Betten (1987, 1992)]:

2:0Q1),(Z 1), (2:: D)
D (C.®CY,(1:2:C),(C.:2):(Z:C,). )

In eqn (9), I is the fourth-order unit tensor, while :: designates the trace, so that for the two

fourth-order tensors A and B, A :: B = A4,;,B;. The trace of the fourth-order tensor A and

the second-order tensor C is the second-order tensor A : C, with the components A;;,Cy,.
In general, the stress response from the intermediate to current configuration is given

by

2 _ 0.
=TFiFac,

c Fl, (10)

which is independent of the rigid-body rotation superposed to the intermediate configur-
ation. This clearly follows since o does not change under the superposed rotation Q of the
intermediate configuration, while F, changes to F.Q", and C, to QC.Q". More detailed
discussion of the objectivity issues in the formulation of elastoplasticity theory by using the
multiplicative decomposition of the deformation gradient is presented by Lubarda (1991a).

Expressing the strain energy . per unit unstressed volume in terms of the strain energy
¥ per unit initial volume, eqn (10) can be rewritten as

oW(C.,2)

v = 0F —— S, (11)

where 7 = | F| g is the Kirchhoff stress and i = |F,| . is the strain energy per unit initial
volume. In the rate-type constitutive analysis considered in this paper, it will be useful to
start the analysis with the finite elasticity law [eqn (11)], even when intended application is
to material behavior with infinitesimal elastic components of strain.
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3. RATE-TYPE ANALYSIS

To derive the rate-type constitutive equations of the damage—elastoplastic material
behavior, apply first the material time derivative (designated by the superimposed dot) to
both sides of eqn (11). By an appropriate and straightforward rearrangement of the terms,
it follows that

. . oy, FRVE
. -1 —I\T . T ¥ .o \FT
t = (BF e+ 1(FFY) +2F°<ace acg.c,)n+2Fe<acc®a@._ﬁ>n. (12)

In view of eqn (11), which gives the stress 7 as a function of F, and &, the last term on the
right-hand side of eqn (12) can be written in a compact form as

&y A\RT E.*
Ty

2Fe<m—:@ F 2. (13)

Ineqn (13), dt/0Z designates the partial derivative of the stress expression (11) with respect
to 9, at constant F,. Further, since

C. = 2F;(F.F;)F,, (14)
where the subscript s designates the symmetric part, the third term on the right-hand side

of eqn (12) can be written as

azw e T __ AFe nll nE |
2F°<6Ce ® aCe.Ce>Fc = A,: (F.F.. (15)

Here, A, is the fourth-order tensor with the rectangular components

e azlp C
Ay = 4H"7F;’W ok iy (16)

rq
Substitution of eqns (13) and (15) into eqn (12) therefore gives

6‘5;

t= (FCF;‘)t+r(FcF§')T+Ae:(FCF;‘)5+69:9. (17)

To proceed further with the rate-type constitutive analysis, consider the velocity gradient
in the current configuration at time 7, defined by L = FF~'. Introducing the multiplicative
decomposition of the deformation gradient [eqn (1)], the velocity gradient can be expressed
as

L = FF,'+F(FF; F " (18)

The strain rate D and the spin W are given by the symmetric and antisymmetric parts of
L:

D = (F.F '), +[F(F F; FC ), (19)
W = (F.F "), + [F(FF; F L, (20)

Writing F.F.! as the sum of its symmetric and antisymmetric parts, and using eqn (20) to
express the antisymmetric part, one has
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FF ' = (FF )+ W-o. 2n

For convenience, the tensor @ in eqn (21) denotes the spin
o = [F(FF; HF .. (22)

Substitution of eqn (21) into eqn (17) consequently gives

.-\

T=L (FF)+ 35" G +10—or, (23)

where

T=t—Wr4+tW (24)

represents the Jaumann derivative of the Kirchhoff stress . The material derivative of the
Kirchhoff stress appearing on the right-hand side of eqn (24) is © = | F| (6 + ¢ trD), where
tr denotes the trace. v _ _

" The fourth-order tensor of the instantaneous elastic moduli %, appearing in eqn (23),
has the rectangular components given by

Y
yl\l (511\ I+ 6ilrjk + Tix jl+ Tiléjk) + 4F?mF7H W 1’7—,:1:?4, (25)

rq

where &, denotes the Kronecker delta. In view of the introduced isotropy of the strain
energy function i, it is easily shown that the components [eqn (25)] are independent of the
superposed rotation of the intermediate configuration. In other words, any one from
infinitely many by rotation differing deformation gradients F, when substituted into eqn
(25), gives the same values of the instantaneous elastic moduli. In metals the elastic moduli
are usually far greater than the applied stresses and the two fourth-order tensors, whose
components are given by eqns (16) and (25), are approximately equal to each other.

4. THE RATES OF DAMAGE TENSORS

Consider first & to be the second-order damage tensor. The material time derivative
of the induced tensor of the contravariant type, 2 = |F|"F.;'@F. 7, is

= |F"F 2 F;T, (26)
where
G = G—(FF )G —GFEF T +mZ tr (FF) 7)
is the corresponding (Oldroyd/T ruesdell type) convected derivative, relatxve to the velocity
gradient F,F;'. If the induced tensor of the covariant type is used, i.e. Z = |F|~ "FIGF,,
one has
= [FJ-"FIZ F;™, (28)

where




An analysis of large-strain damage elastoplasticity 2957

7 = G4+ GEF )+ (EF YT —ma tr (FF (29)

is the corresponding (Cotter—Rivlin/Truesdell type) convected derivative, associated with
the covariant transformation. Substitution of either eqn (26) or (28) into the second term
on the right-hand side of expression (23) therefore gives

o g

R (30)

iy

%)‘ D

It should be observed that the introduced convected derivatives [eqns (27) and (29)] are not
uniquely defined because the unstressed intermediate configuration is spec1ﬁed only to
-within an arbitrary rigid-body rotation, so that the velocity gradient F.F-!, used in eqns
(27) and (29), is not uniquely defined either. However, in some applications it may be
convenient to specify the intermediate configuration uniquely, on the basis of some
additional physical structure, explicitly introduced in the considered material model and
pertinent to its internal structure and the deformation modes. For example, in the crystal
plasticity (Asaro, 1983), the rotation of the intermediate configuration is uniquely specified
by requiring that the basic crystalline (lattice) structure always has the same orientation
relative to the fixed reference frame [isoclinic intermediate configuration, in the terminology
of Mandel (1971, 1973)]. In this case, the velocity gradient F,F;' is uniquely defined and
represents the sum of the lattice strain rate and the lattice spin. Physically, it is the
discontinuous slip of the material over the active slip planes that causes the lattice orien-
tation to be convected by the lattice and not by the material itself.

On the other hand, in some applications it may be more appropriate to introduce the
convected derivative as the derivative observed in the reference frame that deforms with
the material, i.e. relative to the material velocity gradient L = FF~'. For example, in brittle
materials like brittle rocks, the change of elastic properties occurs due to propagation of
the crack-like defects through the material, which convects them with itself during the
deformation process. Therefore, by using eqn (18) to eliminate (FF7), eqn (26) can be
rewritten as

= |FJ"F; \GF T+ (B F; N2+ Z(6F; ) —mZ w (FF; ), @D

where

g =4 -LZ—-ZL"+mZ trL. (32)
Similarly, eqn (28) can be rearranged as

G = |F|"FIGF,— G(F F; )~ (FF )@ +m& w(E F ), (33
where

G =Z+9L+L7 —mZ trL. (34)

Substitution of either eqn (31) or (33) into the second term on the right-hand side of
expression (23) now gives

G+l (FF; ). (35)

When eqn (31) is used, the fourth-order tensor &/ is defined by
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of ((FF7) = 5‘% (B F; DG+ @ F; ) —m@ (B F ). (36a)

If eqn (33) is used, eqn (36a) is replaced by

, ot . . , A ..

o (K F ) = —@:[@(FPF; N4+ (FF; YD —m@ te(F F; ). (36b)
1t should be pointed out that, although in this section the damage tensors were assumed to
be the second-order tensors, the structure of expressions (30}+(35) remain the same for any
introduced higher-order symmetric damage tensors. This is illustrated for the fourth-order
tensors in the Appendix of this paper.

5. IDENTIFICATION OF ELASTIC AND DAMAGE STRAIN RATES

Substituting expression (30) into eqn (23) it follows

o , ot
- ~1 g -
=2, (F.F; )5+a@.9+‘rw wr. 37

If eqn (35) rather than eqn (30) is used, one has
e N -1 61 . & . 1
1=, (F.F; )S+E..ﬁ+d:(Fpr )+t —wr. (38)

Concentrating attention first to the case when eqn (37) applies, it is next shown that the
strain rate (F.F. '), consists of three parts: elastic strain rate D,, damage strain rate D, and
an additional part denoted by A, such that

(FF), = D.+Dy+A. 39)
Indeed, substitution of egn (39) into eqn (37) gives

° 6 .e
c=,s,ﬂ,:D,+.<£,:Dd+$:@+5&m+m—m. (40)

Since the instantaneous elastic moduli tensor &, and its inverse, the instantaneous elastic
compliance tensor &', possess required symmetry and reciprocity properties

(-g);l)qk/ = (-Cf:l)qlk = (-ggl)jikl = (-?:])klij’ (41)

it follows that &7 ': 7 is derivable from the elastic rate potential ¢, = %2;‘ ((t® 1) as its
gradient d¢./ét. Therefore,

D, =%":1 (42)

gives the reversible strain increment, that is recovered in a hardening material upon unload-
ing of the Jaumann stress increment associated with z. Further, it is natural to define the
damage strain rate Dy as the strain rate associated with progressive degradation of the
material elastic properties, as represented by the change of damage variab!s:s 2. Hence, the
damage strain rate D, has to be directly related to the rate of change tensor . Consequently,
in view of the previously established relationship [eqn (42)] between D, and 7, it necessarily
follows that eqn (40) splits into three equations:
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ZL.:D. =1 (43)

ot ¢
: —:9 = 44
L. Dd+6@ 2=0 (44)
LoA+tw—or=0. 45)

Inversion of eqn (43) gives the elastic strain rate expression (42). Solving eqn (44) for Dy
provides the expression for the damage strain rate

at L
= —p-h .
Dy= —-%; .<a@.@> (46)

With the evolution equation for the damage rate @ additionally constructed, eqn (46)
explicitly gives the damage strain rate Dq. Finally, condition (45) defines the remaining part
of the strain rate (F.F.'),, appearing in eqn (39), i.e.

A= -2 " (to—or). 47

If eqn (38) is used in place of eqn (37), it is easily shown that the corresponding damage
strain rate is defined by

ot -
— -1, .
Dy= —2%; .<a@.@>, (48)
while expression (47) is replaced by
A= -2 [ (FF ) +ro—o1) (49)

It is clear that the right-hand side of eqn (48) is independent of the superposed rotation to
the intermediate configuration, hence for the prescribed 2 and the known current state of
the material, eqn (48) uniquely specifies the damage strain rate D,. Since D, is also uniquely
specified, the nonuniqueness of the strain rate (F.F. '), associated with a possible super-
posed rigid-body rotation of the intermediate unstressed configuration, is all contained in
the nonuniqueness of the A part of this strain rate, given by eqn (49). However, in the
subsequent analysis, the A part of the strain rate is of no direct interest and its nonuniqueness
does not present any problem.

6. PARTITION OF THE STRAIN RATE INTO ITS ELASTIC, DAMAGE AND PLASTIC PARTS

Substituting expression (39) for the strain rate (F.F; '), into expression (18) for the
total strain rate, it now follows that

D = De+Dd+A+[Fc(Fpr_l)Fc—l]s (50)
Consequently, by defining the plastic strain rate D, as
D, = [F(F,F; )FZ 'l +A, (51

expression (50) gives the additive decomposition of the total strain rate into its elastic,
damage and plastic constituents, i.e.
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D = D,+D,+D,. (52)

For example, if the material behavior is such that the Ilyushin postulate can be adopted
(llyushin, 1961), i.e. the nett work done during arbitrary closed strain cycle is positive,
provided that inelastic deformation occurred during the cycle, it follows that
D,+Dy = D—D., part of the total strain rate is normal to the yield surface in stress space
[see eqn (11) of llyushin (1961) and the discussion following eqn (16) of Hill (1968)]. If
elastic properties are assumed to be uninfluenced by inelastic deformation, the damage
strain rate is zero and D, = D —D, part of the strain rate is normal to the yield surface.

7. ELASTOPLASTICITY WITHOUT DAMAGE

As a special case of the general formulation presented in the previous sections, consider
the elastoplastic deformation of an elastically anisotropic material without a damage. For
the sake of simplicity, restrict attention to transversely isotropic material. A similar analysis
can be performed in the case of elastic orthotropy or more general anisotropy. Let n, be
the unit vector parallel to the axis of isotropy in the initial undeformed configuration &,.
In the current elastoplastically deformed configuration &, the material is assumed to
remain transversely isotropic, with the axis of isotropy parallel to the unit direction n. The
corresponding structural tensor is (Boehler, 1987)

Z=n@®n. (53)

Due to discontinuous slip and other micromechanisms of plastic deformation, the direction
of the isotropy axis is not, in general, convected by the total deformation gradient, i.e.
n # |F|~'Fn,. It will be convenient in this section to specify the intermediate unstressed
configuration £, to be isoclinic, so that the direction of the isotropy axis in 2, is parallel to
its direction n, in the initial undeformed configuration %,. Note that the so defined isoclinic
configuration is unique to within an arbitrary rigid-body rotation about the axis of isotropy
n,. Since the elastic material response from 2, to £, is not influenced by the rotation about
the isotropy axis, this rotation is of no further importance. If F. is the deformation gradient
from any of the introduced isoclinic configurations to the current configuration, it foliows
that

n=|FJ|™'Fen,. (54)

Equation (54) holds because the axis of isotropy can be considered to be embedded in the
material during the elastic deformation F.. The induced structural tensor in the intermediate
configuration is, therefore, obtained by the contravariant-type transformation

D =|FPF P ZFT =n,®n,. (55)

14
Since € is a constant tensor, from eqn (26) it follows that Z = 0, and eqn (46) gives that
the damage strain rate is also equal to zero, D4 = 0. This was naturally expected to be the
case, because it is assumed that the material remains transversely isotropic, with the
unchanged elastic properties.
Consequently, expression (39) reduces to

(F.F'), = D.+A. (56)

Equation (56), together with expression (47) for the A part of the strain rate, provides the
explicit relationship between the elastic strain rate D, and the constituents F, and F,, and
their rates, of the multiplicative decomposition of the deformation gradient F = F.F,,
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D= (FF)+ZL: (ro—w1). (57)
The remaining part of the total strain rate is the plastic part
D, = [F(FF, W'~ &7 (to—wr). (58)

For example, if the material behavior is such that the Ilyushin postulate applies, the plastic
strain rate D, given by eqn (58) is governed by plastic potential and is normal to the
corresponding yield surface in stress space. This follows by applying the llyushin postulate
to certain finite or infinitesimal strain cycles, as shown by Hill (1968) and Hill and Rice
(1973). The interpretation of the expressions analogous to eqns (57) and (58) that arise in
the crystal plasticity studies has been given by Hill and Rice (1972), Hill and Havner (1982)
and Asaro (1983).

The instantaneous elastic moduli tensor 2, defined by eqn (25), depends on the
elastic deformation gradient F,, which is here defined relatively to isoclinic intermediate
configuration. To determine F,, we proceed as follows. By the polar decomposition theorem,
the elastic deformation gradient F, can be expressed as F, = VR, where V., is the elastic
stretch and R, is the elastic rotation tensor. Since the elastic strain energy ¥, is an isotropic
function of both C, and 2, it follows that

Ve(Co 2) = Y(Be, 2). (59)

Ineqn (59), B, = VZis the l~eft Cauchy—Green elastic deformation tensor, while the rotation
induced structural tensor & is defined by

% =RIR =i ® i, (60)
where
ii = R.n,. (61)
The stress response (11) can consequently be written as

oY(B., 2) V.

T=2V 3B, .

(62)

If the current state and the rotation R, are known, eqn (62) gives a one-to-one relationship
between the stress tensor T and the elastic stretch tensor V, = B!/2. To obtain the elastic
rotation R., however, additional consideration is needed. For example, if on a certain
physical basis an evolution equation for the spin & = R,R;' is constructed, the rotation
R. is obtained by the integration of

R, = OR.. (63)

Note that from eqn (61) the rate of change of the unit vector i is fi = Qifi. When the rotation
R, is determined, the elastic deformation tensor is calculated from F, = VR, where V_ is
calculated from eqn (62). The direction of the axis of isotrophy nin the current configuration
is then found from eqn (54).

8. CONCLUDING REMARKS

We have formulated in this paper the constitutive framework for the analysis of finite
elastoplastic deformation in the presence of progressive degradation of the elastic material
properties and corresponding damage. This has been accomplished by extending the model
of the multiplicative decomposition of deformation gradient, which has previously been
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applied almost exclusively to the analysis of elastoplastic deformation of elastically isotropic
materials, which remain isotropic during the plastic deformation processes. The exact
kinematic and kinetic analysis of the finite deformation leads to the partition of the total
strain rate into its elastic, damage and plastic parts. A general structure of the expression
for the damage strain rate is derived, valid for introduced symmetric damage tensors of
any order. The analysis of elastoplastic deformation of elastically anisotropic materials
without damage is also presented, with application to transversely isotropic materials.

The presented work requires several extensions in order to complete the constitutive
description of materials that undergo damage—elastoplastic deformation. The most immedi-
ate one is a development of the constitutive structure for the evolution equations for the
appropriately specified damage variables. The coupling between plasticity and damage,
elaboration on the structure of the yield and damage surfaces, existence of inelastic poten-
tials and normality properties, are some of the associated questions also requiring further
research. The valuable insight is already available from some of the previous related work,
both in metal plasticity and rock and concrete inelasticity, such as Rice (1971), Rudnicki
and Rice (1975), Nemat-Nasser (1983), Ortiz (1985), Ashby and Sammis (1990), Voyiadjis
and Kattan (1992), Lubarda and Krajcinovic (1994b), etc.
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APPENDIX

The expressions for the rates of damage tensors given in Section 4, and for the damage strain rate given in
Section 5, were derived by considering the damage tensors & to be the second-order symmetric tensors. We here
show that the same derivation applies when the fourth- or higher-order damage tensors are introduced to
adequate]y describe material degradation during a deformation process. Indeed. the fourth-order induced damage
tensor & in the intermediate conﬁguranon #,, corresponding to the fourth-order damage tensor & in the current
configuration #,, has the covariant-type components

Gy = |F ™" (F) (F3)" Z oo FiuF (Al)

The material time derivative of eqn (A1) is

Z = |F"(FL)(F y)T 7 spiil T i (A2)

where Q represents a convected derivative of & relative to the velocity gradient ¥.F.' Subsutuung eqn (A2) into
the second term on the right-hand side of the expression (23) therefore gives

it = it =
L.é&=1.g
Sibeiid (A3)

which is the same structure as that of the previously derived expression (30). valid for the second-order damage
tensors.

To derive an expression analogous to eqn (35). eliminate F,F7' from eqn (18) in terms of the total velocity
gradient L = FF~', to obtain

,,u = |FJ™"(F)(Fp)" -/:{; s FLFBH""—/.,UU(F F7)
"f./,,A..( FpF; "u— /,,.,/(F Fo Dt —(Fpr l),., ekt ™ (Fpr w? .,,L/- (A4)

In eqn (A4). & denotes a convected derivative of the fourth-order tensor &. relative to the velocity gradient L.
i.e. the derivative observed in the reference frame that deforms with the material in the current configuration #,.
The components of this tensor are

Z o = Laest Lopbns+ LopeLc+ L3 Z s+ L3 oo =ML sps L (AS)
Substitution of eqn (A4) into the second term on the right-hand side of the expression (23) then gives

SAS 31:21-F
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at.f‘ __?l.' . -1
-8_5'9_69'9+'E,'(F"Fp ), (A6)

with the fourth-order tensor & defined by an expression similar to eqn (36b), corresponding to the second-
order damage tensors. The expression (A6) coincides with the previously derived expression (35). An analogous
derivation with the contravariant-type transformation leads to the same conclusion. Consequently, the derivation
presented in Section 5 and the structure of the damage strain rate expressjons (46) and (48) remain valid if the
damage tensors are of the fourth order. The same is true for higher-order tensors, as well.
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1. INTRODUCTION

A polycrystalline solid is said to deform in a ductile (or plastic) mode if "the
material flows through the crystal via dislocation motion, ..., whereas the lattice itself,
with the material embedded on it, undergoes elastic deformation and rotation"” [1]. It is
important to observe that the lattice, its connectivity (density of atomic bonds) and,
therefore, the effective elastic parameters do not change during a plastic deformation.
Consequently, the residual strain is the only history recording parameter. The inelastic
deformation attributed to the damage may be, in a complementary manner, manifested
on the macro scale by the change of elastic (effective) parameters or the strain caused
by the change of the lattice connectivity. Local discontinuities of the displacement field
caused by the rupture of atomic bonds (damage) will, in a perfectly brittle solid,
disappear upon unloading to the state of zero stress. Consequently, the damage will not
cause residual strains. Thus, the change of the elastic moduli (density of atomic bonds)
can be used to represent the thermodynamic flux and will provide a rational measure of
the rate of damage accumulation.

The described definition of damage and its effect on the macro response implies
averaging in a mean field sense. Underlying assumption of statistical homogeneity is
seldom if ever investigated let alone questioned. The objective of this short study is a
brief discussion of some limitations of current damage models and associated pitfalls.

2. ESSENTIAL STRUCTURE OF DAMAGE MODELS

The microstructure of a typical engineering material is in a majority of cases
disordered. The range of the disorder may vary and the type may be of chemical,
geometrical or topological origin. As the damage in form of microcracks accumulates
the disorder level progressively increases. Currently available analytical models are
almost exclusively of continuum, deterministic and local type. Implicit to this models
is: (a) that the statistics of the microstructure is such that the process is on the macro
scale reproducible without a large scatter and (b) that the selected state and internal
variables and effective parameters are physically identifiable and measurable in tests.

Assuming that the concentration of microcracks and active slip planes is dilute the
expression for the macro strain admits, in the infinitesimal strain approximation, the
additive form

e=S(H).c+¢? (1)
where S is the effective elastic compliance tensor and €” the plastic strain. Symbol H is

used to denote the set of parameters needed to define the recorded history in
thermodynamic sense. Assuming continuity of all tensors in (1) the rate of strain is

g=S(H):6+S(H):c+¢P )
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Three terms on the right hand side of (2) represent the rate of the elastic strain (in a
damaged material as defined by the already changed compliance), the rate of strain
attributable to the damage increment and the plastic strain rate, respectively.

The effective (overall) compliance of a solid weakened by an ensemble of
distributed microcracks and other micro defects can be written in the form of a sum [2]

S(H)=S,+S"(H) (3)

of the compliance of the pristine (undamaged) solid and the compliance associated with
the local fluctuations and discontinuities of the displacement fields caused by active
micro defects (representing two terms on the right hand side of (3), respectively). The
expression for the compliance attributed to the accumulated damage (in form of penny
shaped planar microcracks of radius a) can be determined using micromechanical
models in form of an integral

S*(H)= 41—”_[ p(a)a3JS(a)(n,m;S)p(n,m)dad.Q (4)

where $®(n,m;S) is the compliance for a system of microcracks bedded in parallel
planes (used here as a Green's function) with normal n and p(n,m) the distribution of
the microcrack density with respect to the orientation of their bedding planes. Also, m
defines the normal of an arb1trary plane, € the solid angle, p(a) the distribution of
microcrack radius sizes and (a”,a") the range within which they change [3].

Analytical quadrature of the integral in (4) is possible only for circular or elliptical
planar cracks and in a dilute limit of microcrack density, i.e. when She microcrack
interaction is totally neglected. In this case components of the tensor S'%) depend on th%
known compliance of the pristine solid S,. In all other cases each component of S§(¢
depends on the unknown components of the overall (effective) compliance tensor
S"(H) rendering the relation (4) both explicit and implicit. In this case the expression
(4) can be, at best, reduced to a system of algebraic equations which defies analytical
solutions. Hence, the analytical solution for the overall compliance from (4) is not
possible even in the case of the weak interaction, i.e. for the case when the mean field
theory and the self consistent or differential models are p}ihcable [4].

In the case when the quadrature (4) is possible the result can be expressed as [5]

S*(H)=(Nd® )i P ¢ (5)

i=1

The average value of the product between the number N of microcracks per unit volume
and the cube of the crack radius a (in angular bracket), known as the Budiansky,
O'Connell parameter [4, 6], is universally accepted as a micromechanically justified
measure of damage. Six tensors I; represent the irreducible tensor basis of the class of
all fourth order tensors which are invariant with respect to the permutations of first and
second pair of indices [5]. Finally, six scalars c¢; can be determined from the effective
(overall) parameters of the solid [5].

Expressions (1) to (5) represent the basis for the micromechanically based
constitutive model for materials which deform in a quasi-brittle or brittle-ductile mode.
Distribution of the microcrack density p(n,m) with respect to the orientation can
sometimes be measured using methods of quantitative stereology and is typically
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represented using the rosette histograms. Furthermore, these rosette histograms can be
approximated by even order tensors [7]. It is interesting that for the determination of the
effective compliance (4) a fourth order tensor representation of p(n,m) provides an
exact (micromechanical) solution [8] in the mean field domain.

3. LIMITATIONS OF THE MEAN FIELD MODELS

Leaving aside for the moment the fact that the distribution of microcracks is seldom
known and measurable and that integral in (4) can be integrated analytically only when
the microcrack density is dilute, it is essential to examine the conditions under which
the mean field constitutive model is physically and geometrically acceptable. Two of
these conditions are quite apparent. Firstly, the density of microcracks must be rather
dilute since all models based on averaging neglect the direct interaction of the
microcracks. Secondly, the relation (5) states that the effective (overall) compliance is
invariant to the variations of the number of microcracks per unit volume and the cube of
the radius length for which the value of the Budiansky, O'Connell parameter does not
change. Finally, all variables and parameters in equations (1) to (5) are volume averages
of respective microstructural counterparts. This means that a volume over which the
homogenization is performed must exist and must be much smaller than the specimen
itself. The last condition may be re-phrased as a requirement that the range over which
the solid is statistically homogeneous must be small. Hence, the linear size of the
representative volume element must also be small.

The conditions as stated above and in the literature are, to say the least, vague. In
order to provide the quantitative measures and rigor to attributes such as dilute, micro,
small and short and render the mentioned conditions precise it becomes necessary to
introduce the characteristic lengths into considerations.

For example, an effective continuum or mean field model will be applicable, if and
only if the following three conditions are met [3]

P >L;)—0 max(&, L max) << Lyye << L
(6)

o0 —
’E L, <<|o]

In(6) L., L;, L; and L,,, are the crack size, distance between cracks, crack interaction
range and the linear size of the representative volume element (RVE), respectively.
Symbol & denotes the correlation length over which the fluctuations of the stress fields
created by cracks are correlated. This length, often used in physics of disordered media,
is necessary for the proper definition of microcrack clusters and the shear (crack) band.
Three conditions (6) require: (a) that the cumulative probability of direct interaction of
adjacent microcracks is small, (b) that the largest microcrack or cluster of correlated
microcracks is much smaller than the representative volume element which can in turn
be comfortably fit into the specimen of size L and (c) that the largest difference of
tractions applied at the boundary of the RVE is much smaller than the average traction
itself. Third requirement, rarely mentioned and even less frequently considered, is a
natural consequence of the fact that the considered models are based on the assumption
that the spatial correlation have a negligible effect on the macro response. According to
this assumption, which significantly simplifies the model, the exact position of a micro
defect within RVE is inconsequential. This condition will place stringent limitations on
the size of the RVE in the case of inhomogeneous states of stress and should, in all
probability, disqualify the application of these models for the analyses of the process
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zone enveloping an atomically sharp tip of a macro-crack. The resolution length £ of
this model is equal to the linear size L,,, of the RVE.

Situation is much simpler in the case of the cell model which replaces a random
distribution of defects by a periodic arrangement of equal density (or equal value of the
Budiansky, O'Connell parameter). Application of this model requires that

L SL,y<<L Q)

where the linear size of the cell L, is constant. The underlying presumptions are:(a)
that the resolution length can be infinitely small if the analytical solutions are available
or as small as desired if a numerical model is needed and (b) that the model provides a
valuable estimate of the effect of the defect interaction on the macro response and
macro failure since the defects belonging to adjacent cells may almost touch each other.

However, it is easy to demonstrate that the cell model comes short on these and
other expectations. Consider, as an example, a two-dimensional system of parallel slits
perpendicular to the direction of tensile tractions. These slits can be arranged into
parallel columns by selecting cells of A,; =(L, - L;) (where the x axis is parallel to the
slit plane). If the length L is increased and the length Ly decreased, such that the cell
area A, remains constant, the stress intensity factors will increase and so will the
effective compliance. If the cells are compressed in the direction of force and extended
in the other direction the effect will be opposite. Thus, the effect of the interaction can
be changed at will rendering further analyses non-objective (mesh dependent).
Furthermore, the cell model maximizes the smallest distance between the cracks by
assuming that they are all equal. It also minimizes the maximum crack length by
assuming that they are all equal. As such the cell model overestimates the strength of
the damaged solid. Additionally, the self-similar growth of defects is an artifice which
also represents a thermodynamically unstable path [9]. Finally, this model predicts
simultaneous occurrence of infinitely many percolation thresholds which is also
contrary to accepted criteria of a single percolation cluster [10]. It was shown that the
cell model overestimates by a factor of two or more the critical density of damage
required for the percolation transition. In summary, it seems that the cell model, despite
its many computational advantages, is of limited value in the analyses of stress
fluctuations in disordered microstructures and for the predictions of macro failure mode
and threshold.

4. MACRO RESPONSE

During a brittle deformation process the damage evolves by nucleation of new
microcracks, by growth of existing microcracks and/or by combination of two
processes. The mode and rate of the damage evolution depends on: (a) state of stress,
(b) strain rate, (c) temperature, (d) microstructural disorder and (e) chemical effects. For
brevity only the state of the stress and the microstructural disorder will be pursued in
this study. _

The statement that the tensile stress promotes crack growth is too obvious to be
belabored further. Deformation will be, in this case, dominated by the propagation of
the critical (largest) defect. It is just as obvious that the crack nucleation is favored by a
situation in which a heterogeneous solid is subjected to a long range compressive field.
For example, in porous rocks, such as limestone, cracks are nucleated as a result of
Hertzian stresses at a contact of two hard grains. However, in absence of long range
tensile stresses these microcracks are arrested immediately after their nucleation. As a
result these microcracks will be of similar sizes and will be distributed randomly
throughout the specimen volume.




Energy barriers in a material with a disordered (heterogeneous) microstructure are
in many cases able to arrest the growth of smaller cracks. As a result the damage
tolerant materials (such as fiber reinforced resins) will accumulate damage before the
macro fracture takes place. On the other side of the spectrum the brittle materials with a
homogeneous microstructure will often fail as soon as the first pre-existing defect is
destabilized.

Thus, the state of stress may trigger three different macro responses, which will be
referred to as: (a) brittle, (b) quasi-brittle, and (c) "ductile”. These macro-response are:

(a) A material with a homogeneous microstructure subjected to long range tensile
stresses will deform in a linear elastic manner until it fails. Whatever little damage takes
place is dominated by the propagation of pre-existing defect. As soon as the nonlinear
deformation is initiated a brittle solid ceases to be homogeneous.

(b.1) A damage tolerant material subjected to tensile stresses may accumulate a
significant density of microcracks before one of them grows to a size critical in the
Griffith's sense. During this process of damage accumulation the specimen stiffness
degrades as manifested by the curvature of the stress-strain curve. The material is
statistically homogeneous almost until the onset of the failure since the microcracks are
small in size during the nucleation dominated phase of the process. Only a very short
part of the deformation process preceding the macro failure is dominated by the crack
propagation.

(b.2) A weakly confined specimen, made of a material with an inferior cohesive
strength, which is subjected to compressive stresses will also accumulate damage up to
the point when the fluctuations associated with a cluster of interacting cracks cross over
from small to large range. The remarks related to the stress-strain curve, homogeneity
and damage accumulation in the cases (b.2) and (b.1) are quite similar.

(c) Damage evolution in a strongly confined specimen made of a material with an
inferior tensile strength (such as rock) subjected to a state of stress close to the
hydrostatic compression will be dominated by the microcrack nucleation. Nucleated
microcracks are immediately arrested by the compressive stress ficld. Inelastic
deformation is attributable to the crack nucleation, crushing, frictional sliding and re-
packing (pore collapse). Dislocation slip is in a brittle material, such as polycrystalline
ceramics, important primarily as the mechanism for crack nucleation. The accumulated
damage may be very large. In comminution processes the microcrack density may
exceed the value needed for the onset of the connectivity transition. A brittle material
subjected to a hydrostatic compression may harden up to very large strains. Never-
theless, once the connectivity transition is reached the material is disconnected
(crushed) becoming unable to carry any tensile or shear stress upon unloading.

5. FAILURE MODES

Failure in a perfectly brittle mode (a) is a statistical event which depends on the
distribution of defect sizes. The probability of finding a large crack in a specimen
depends not only on its microstructure but also on its size. Hence, the failure threshold
is a variate which depends on the constitutive properties of the solid and the specimen
size and shape. The failure criterion, in form of a non-deterministic limit curve
formulated on the basis of a stability (Griffith's) criterion, must in this case be added to
the constitutive description. This type of failure will be referred to as extrinsic or
structural.

Failure in a quasi-brittle mode depends on the outcome of the competition of brittle
(crack growth) and ductile (crack nucleation) processes. In the case characterized by the
presence of tensile stresses (b.1) eventual failure will, in a displacement controlled case,
almost always be triggered by the loss of stability of the crack which grew to a critical
length. In this case the failure mode is again extrinsic. However, under the force (stress)

A




controlled conditions macro failure may happen at the peak of the stress-strain curve,
i.e. when the effective tangential modulus is reduced to zero. In the (b.2) case the failure
may occur by localization, i.e. when a band of closely spaced (but not intersecting)
parallel interacting microcracks spans the specimen from one end to the other. In this
case the failure mode is again intrinsic since the onset of the localization can be
predicted on the basis of the acoustic tensor [11]. This type of failure, known as
cooperative phenomena, is related to the order-disorder transition since the fluctuations
associated with the shear band extend across the entire system at the onset of the
localizaton. Failure in the ductile mode is obviously intrinsic as well. The material
during comminution passes through the percolation (connectivity) transition. The onset
of the elastic percolation can be determined from the condition that the effective secant
(current) modulus is reduced to zero.

6. SUMMARY

In summary the variety of deformation modes and possible failures during a
deformation process characterized by microcracking is much larger than originally
estimated. The choice of the model depends on the deformation and failure mode.
Homogeneity can almost never be taken from granted and the statistical aspect of the
problem must always be considered. As any other continuum theory the damage
mechanics can be applied only in the case when the damaged material is statistically
homogeneous on a relatively small scale.
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ABSTRACT

The response of a very long composite layer being stretched beyond the elastic
limit in a displacement controlled experiment is investigated. It is assumed that the load
carried by a fiber is transferred, at failure, to its two neighbors. This local load sharing
rule is shown to lead to the propagation of the fiber breaking process and to be the source
of random spatial variations in the loads carried by the fibers. Then, a set of evolution
equations is derived that governs the spatial distribution of the random loads in three
types of unbroken fibers. The complexity associated with the determination of the solu-
tion to these equations has led to a Monte Carlo study that suggested an approximate
solution technique. It is shown that this simpler, approximate formulation represents very
well the initial set of equations. Finally, it is shown that the local load sharing rule leads
to a much higher probability of broken fibers and to higher loads carried by the fibers
than a global load sharing predicts. It is shown however that the mean value of these
loads is well approximated by the global load sharing rule except for the location of the
peak which is largely overpredicted by the global load sharing model.

Introduction

The accurate prediction of the behavior of composite materials is rendered difficult by the presence of
dissimilar phases, i.e. the matrix and the fibers, by the complex behavior of their interfaces, as well as by
the natural variability of the mechanical properties of the fibers. In particular, the mechanical behavior of
the composite material beyond the elastic regime is dictated by the complex interplay of the failure charac-
teristics of the fibers and the load transfer from the broken fibers to the remaining ones through the matrix.
A number of studies have in the past been devoted to the modeling of this load transfer mechanism to pre-
dict the failure process of composite materials. Many of these investigations have relied on the parallel bar

model in which the load imposed on an array of fibers is carried equally by all of them.! Although this




2-

"democratic model" remains widely used, several alternative descriptions of the load transfer mechanism
have been proposed, €.g. Ref. 2-10, some of which emphasize the local effects of the failure of a fiber.™” In
these studies, the force carried by a broken fiber is transmitted only to its neighbors, not to the entire array,

through the assistance of the matrix.

An interesting feature of these local load sharing mechanisms is their capability to exhibit the propa-
gation of a crack, i.e. the breaking of a fiber may, after load transfer, lead to the failure of one of its neigh-
bors which in turn could break and so on. It should however be recognized that the local aspects of this fail-
ure mechanism render the mean-field analysis of the composite material beyond its initial elastic regime
more challenging than if a global load sharing mechanism had been adopted since the state of a given fiber
‘(.broken of intaét) and the force it carries not only depends on its strength and the éxmnmlly applied load

but also on the strength of the neighboring fibers.

The role of the present investigation is to provide a theoretical assessment of the effects of random
variations in the strengths of the fibers in a composite material under a local load sharing rule. It is assumed
that the fibers remain elastic until failure at which point the load they were carrying is transmitted, through
the matrix, to the two adjacent fibers, if they still exist. The source of randomness in the system originates
in the strengths of the fibers which are modeled as independent random variables uniformly distributed in a
given interval. Particularizing further the problem, a single composite layer will be considered that is sub-
jected to a displacement controlled experiment, the displacement, or stretch, being incremented in infinites-
imal steps. Under these conditions, the present investigation will focus on the determination of the random
properties of the composite from the first failure of a fiber until the complete failure of the layer. Emphasis
is placed on the quantitative effects of the local load sharing mechanism on the global behavior of the com-
posite rather than on the physical specificities of the load transfer mechanism. Thus, of particular interest in
this investigation will be the probability of existence of various types of fibers and the probability density
functions of the forces they carry. The results of both numerical simulations and theoretical predictions are

analyzed in comparison with the global load sharing (democratic) model.
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The Displacement Controlled Experiment

Consider a single, infinitely long, layer of a fiber reinforced composite material which is subjected, as
shown in Fig. 1, to the action of discrete forces F. These loads which act directly on the fibers are selected
to produce a displacement controlled experiment in which the fibers are all stretched by amounts dx, 2 dx,
3 dx,... It is desired to obtain the statistical distribution, mean value in particular, of the forces F, that must

be applied to produce a given stretch x of the fibers.

For simplicity, it is assumed that the fibers are all characterized by the same Young’s modulus E,
cross section area A, and underformed length Lg. Further, the strengths of the fibers, S;, are modeled as
indgpenden; random variables uniformly disqibutcd in the intcrval‘[Sm ,_S,,,_., ]. When a given fiber, the
m™ one say, breaks, the load it carries is set to zero, see Fig. 2, and the fiber-to-fiber interaction through the
adjacent matrix leads to a transfer of a fraction p of the load carried by the failing fiber to each of its two
neighbors.

Under these conditions, it is seen that the forces F, are deterministic quantities for values of the

stretch x that create forces Fi < Smin. Specifically, it is found that

X
F,=EA| =
k ([

) foch<L°Smin and k=0,£1,%£2,--- (1)

0 EA

Lo Sin . . . .
When x exceeds the value OES 2 failure occurs in some fibers and the corresponding loads are transmit-

ted to their neighbors. The randomness of the fiber strengths implies that the fiber breaking process, and
consequently the loads F,, are also random. The assumptions on the fiber strengths, independence and
identical distribution, and on the unboundedness of the domain imply that F, is in fact a spatially homoge-

Lo Swin
neous stochastic process for x > Lo Swin

It is desired to evaluate the distribution of the loads F; carried by the fibers. To this end, introduce

first the dimensionless forces and displacement, F, and X, according to
Fi = Smin + (Sax = Semin) Fe )

and
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x=%[sm+(sm— m)i]. (3a)

Similarly, the random strength S, can be expressed as
Sk = Smin + (Smax = Smin ) Sk (3b)
where S, are independent random variables uniformly distributed in [0,1].

Clearly then, the layer behaves both elastically and deterministically for % <0, while the fiber break-
ing process creates, for >0, both an inelastic response and a random distribution of forces 7. Note finally

that all fibers are broken for x=1.

In evaluating the distribution of the loads F,, it should first be recognized that there exist broken
fibers and three types of unbroken ones, as shown in Fig. 3. The terms regular, stopping, and singular will
be used to denote fibers which are, respectively, surrounded by 2, 1, and O unbroken fibers. Since regular
fibers have not been involved in the failure process of any of their unbroken neighbors, the load they carry
is still governed by Eq. (1), even for %> 0. Relying on Eq. (2) and (3), it is found that the normalized force
F,, corresponding to a regular fiber is simply governed by ', = %. Such a simple relationship does not exist
for stopping and singular fibers because the load(s) that was (were) transferred from their broken neigh-

bor(s) is (are) a function of the neighbors’ random strength.

The various types of fibers and their properties can thus be summarized as follows:

Regular fibers: 2 unbroken neighbors
probability of existence: p= p(%)

force carried: deterministic, F =X

Stopping fibers: 1 unbroken neighbor
probability of existence: g=¢(%)

force carried: random with distribution Q(f, X), nonzero for f € [ %,1]



Singular fibers: 0 unbroken neighbor

probability of existence: r =7(X)

force carried: random with distribution R(f, X), nonzero for f € [X,1]

Broken fibers: probability of existence: 1— p—g-r

Sm-x - Smm

force carried: deterministic, F; =0, F; =—[ _ Smin__ ]

With these notations, it is found that the mean of the forces F, and F, are, respectively,
E[F1= Smin + (Smax = Smin ) E[F] @

and

1 1
ETF)=p(®) +4® [ £ QU D & +1(D [ £ RS, 5) #—[1-p<f>—q(f)"(f)][’—s = J

max ~ Smm

®)

The determination of the probabilities p(¥), ¢(¥), r(%) and probability density functions Q(f,X) and
| R(f, x) will be approached as follows. First, the breaking of a fiber and its propagation in the layer will be
analyzed. These results will then be used to derive a set of ordinary and partial differential equations that
govern the evolution of the functions p(%), ¢(%), r(X), Q(f,*), and R(f, X) as the variable X is increased
from 0 to 1. A Monte Carlo analysis will then be performed to provide insight into the behavior of these
functions. These numerical results will in turn be used to produce a reduced set of ordinary differential
equations that describe approximately the evolution of p(%), ¢(%), and r(X) as X is increased from 0 to 1.
The accuracy of this approximation will be evaluated by comparison with the results of the Monte Carlo
simulation data. Finally, the differences between the present local load sharing rule and a global one will be

discussed.




Failure Mechanism and Propagation

Consider, as in Fig. 2 and 3, a composite layer which has already undergone inelastic deformation
and assume that the corresponding functions p(%), ¢(%), r(%), Q(f, X), and R(f, X) are known. Then, as a
stretch increment d is applied to the system, an instantaneous increase of the loads F; is also produced.
The initial force increment dF, = d X provokes the failure of fibers that were carrying forces equal to their
respective strengths at the end of the previous stretch increase. These failures lead to a redistribution
(increase) of the forces in the surrounding fibers which in turn can lead to new failures. The failure process
continues until each fiber is subjected to a force that is less than its strength.
» In this section, it is desired to determine the probability associated with the failure of a wml N =n of
fibers, not counting the initial one, some of which may be regular, stopping and/or singular, that is initiated
by an increase in stretch, from ¥ to X+ dX. To this end, it is first noted that the initiation of the fiber break-

ing process is associated with either a regular, a stopping, or a singular fiber.

Initiation at a Regular Fiber

Note first that the failure of a regular fiber leads to a breaking process that can extend both left and
right of the initiating fiber the index of which will be denoted by m. The homogeneous character of the
fiber strengths S, implies that the left and right propagating failure processes are characterized by identical
probabilities so that it is sufficient to consider only one of these mechanisms, the right propagating one say.

For this process and with n2>2,

Pr (N =n)\(fiber m is regular 1= Pr [( fiber m is regular) (\ (Fn, + dFn 2§ )18, 2 2]

»l. -
x{ I1 Pri(fiber m+iisregular) (M (F'pyi 2 Spii ) | S 2 ) } Pr [ failure stops] ©6)
i=1
where F/,,,; denotes the dimensionless force in the fiber m + i after the failure of the fiber m +i — 1. Thus,
F Imﬁ' =F m+i TP F ’m-H'—l (73)

or
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Fri= Pt p Froig 4 p| —m2 ] i3
Smn-smin

where
F.=z
and

Fou=% i=1,2,....,n-2

(7b)

®

©)

since the fibers m+ 1, m +2,..., m+ n—1 are all regular. The solution of the above recurrence relation, Eq.

(7b) and (9), with the initial condition given by Eq. (8) is readily determined to be

, _ l—pi il = l_p‘ Smm
F,,m-—l: = +p]x+p =, S oS0

Relying again on the regular character of the fibers m+ 1, m + 2, ..., m + n — 1, it is found that

(10

_ Prix< < F .
Pr[(fiber m+iis regular) (M (F'myi 2 Spsi ) | Smss 2 1= Pr[ fiber m+i is regular ] rIx<Sm I_:""“]
PT[S,,..H'ZX]
=L F’"‘“—)_:: P a-i+i° for F’,; <1 (11a)
p+qd 1-% p+q ' 1-%
where
q'=-‘2l=Pr[ fiber m +iis stopping | fiber m+i— lisregular] (11b)
_1-/
“=P 1=, (1lc)
and
S min
Xo= 11d
0 Smax_smm ( )
When F’,,,; > 1, it is found that
Pr[(ﬁberm+iisregular)ﬁ(F",,,HZS'M,-)I5,&;22]=;-£—q—; for Fo ;21 (lle)

P

Note that Pr [ fiber m+ i is regular 1= PV since the regular character of the fiber m +i — 1 restricts the




fiber m + i to be either regular or stopping.

The probability Pr [( fiber m is regular Y\ (F . +dF,,2§8,,)18,, > %] is similarly computed as

Pr(x<8,<F,+dF,]  dx
Prid.> %] “P1F

Pr[(fiber misregular) N\ (Fp+dF,28,)18,2%1=p

(12)
Consider now the last term in Eq. (6), Pr [ failure stops], and note in particular that the fiber break-
ing process stops with » fibers breaking in addition to the initial one, if and only if
(1) the fibers m + n and m + n + 1 are both regular but the former one breaks while the latter successfully
carries its load
(2) the fiber m + n is regular and breaks while the following one is a stopping fiber which sustains the

transmitted force
(3) the fiber m+ n is a stopping one and breaks
Accordingly,

Pr [ failure stops) = Pr[( fiber m+n is regular) (M (F' pin 2 Spin) | Spin 2 X1
X Pr[( fiber m+n+1is regular) (Y (F'mins1 < Sims1 ) | Smans1 = X1
+ Pr(fiber m+nisregular ) (N (F'min 2 Spin) | Span 2 %]
X Pr [(fiber m+ n+1is stopping) (O (F” mim1 < Sttt )| Smtmst = Fonansr ]

+ Pr[( fiber m+ nis stopping) (M (F” pmin 2 Smin) | Spin 2 Finl1 =Py + P2+ P3 a3)

where F,,,; and F”,,,; designate, respectively, the dimensionless forces in the stopping fiber m + i before

and after the failure of the regular fiber m +i — 1. Proceeding as in Eq. (7)-(10), it is found that
F¥ i = F i+ p Fpiiy + p %o = F i + 6; (X + Xo). (14)
The probabilities P,, Py, and P,, Eq. (13), can readily be written as

Py =Pr((fiber m+nisregular) M (F’pin 2 Spmin) | Smin 2 X1
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x{pfq:—P’[(ﬁber m+n+1isfegular)f\(F'm+.+x 2S»mwl)‘gm+»+1 Zf]} (15a3)

P, =Pr{(fiber m+nisregular) M\ (Fmin 2 Spin) | Smin 2

X Pr [( fiber m+ n+ 1is stopping) (M (F” pym1 < Simt1 )| Smantt 2 Frmamsr ] (15b)

and

Ps= qu' — Pr(fiber m+n is stopping) (O (F” min < Spin) | Smin 2 Fonin] (15¢)

where Pr [( fiber m+iis regular) M (F/pyi 2 8 si) 18 si 2 X1, i=n—1, n, can be evaluated by using
Eq. (11) while, in view of Eq. (14),

©; = Pr( fiber m+i is stopping ) (" (F” psi S Spsi ) | St 2 Fpsi]

q’ P"[F,,.,.;'*d;(f'i’fo)ﬁgm.ﬁ]

Tt PridesFodl 16)

The independence of the fiber strengths S, implies that the random force F,.; and strength §,,,; are also

independent so that
1-a;(3+%0)
Prifp+a;(X+%)S8,]= J Ql({i) "
x S+a,(T+%,)
1—g;(%+X,)

=13 ;I [l—a;(i+fo)—f]gg,i)df. an

One finds similarly
;!
Pr[SM>F"+']__1——§.[[l"f]Q(f,i)df (18)

so that
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1-a;(¥+X%o)
[1-ai(z+5)-1]ou. 0 o
9‘.= X . (19)
[1-1]ov.n e

L L)

Note that this expression is valid only for 1 —-a; (¥+%p)2% or (1+a;) X< 1~-a; X;. In the contrary, ©; =0.

Combining Eq. (6), (11)-(13), and (15)-(16), and introducing the sequence of functions «,(%)=c,

defined by the recurrence relation

a,-=|:p 11:/;:|a,-_1 for(1+a‘-)iSI—a,~fo (203)
or
1-x - -
a,=[_ — :|a;_1 for(1+a;)x21-q; % (20b)
X+ Xp
fori21, and
ay=1, a;=0 fori<0 (20c)
it is found that
47 1 (_+_)u+l (_+_) n+2
_ _ X P{x+ Xy ’ _ P{X+ X
Pr[N—n]—(£+io) (p+q1)u+1 III: l_i ] (P+q en+1) an+l[ l‘f }
p(E+%) | ,
to | T g(p+q)(1-6,) @1
and
-y
[ a-n-nov.ne
8 == (22)

j[l-f]Q(f,i)df

with
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a . _
7;=E_—1(x+xo)- (23)

The above relations, Eq. (21) in particular, would appear to be, as Eq. (6), only valid for n22. It can how-
ever be shown that they are also valid for n=0 and n=1 because of the definition of &y(X) and (%), Eq.

(20c).

Initiation at a Stopping Fiber
The determination of the probability that a total of N = n fibers, not counting the initial one, are bro-
ken when the fiber initiating the failure process is a stopping one, is computed in a totally analogous man-
ner as in the previous section. Note however that Eq. (7) and (9) are still valid but the correct initial condi-
tion is
F ,m =F m (24)
where F,, is a random variable distributed in the interval [ %, 1] according to the probability density func-

tion Q(f, X). The force in the regular fiber m + i immediately after the failure of the fiber m +i — 1 is then

’ i a; , . -
Fui=p Fm+-;(1+Pxo)- (25)

Proceeding as in the last section, it can be shown that

- . n n+l
Pr(N=n]= dx g [p"(p+q'¢,+1)[n‘l’;]—p”l[H‘I’.—]

1-x (p+g'yH i1 i=1

: — . :
+q’p"“(P+q')(1"d’-)[r¥\¥i:|'"20’ (26)
=
where the following convention is applicable

0 k
[1¥:=1 and J]¥;=0 fork<O. @7
=1 =1

Further, the terms ¥; and &;, i > 1, are defined as
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min(1 5) l-—%(i+pio)—p"f

¥=1- ] — 0U. D &

where
= = aQ;
[p—(x+p%)E:]
5"='
a;
[P-(I-P);:]
and
¢0=1
min(1,5) &;
[ [[1-£i-F fo- 61 -0 5 | 0009 0639 4 oo
.=
¢ 1
Ja-pov.na
with

g=1-p fo—ap - a; %.

Initiation at a Singular Fiber

(28)

29)

(30a)

(30b)

€2y

It remains to analyze the effect of the breaking of a singular fiber. Clearly, the failure process is lim-

ited to the initiating singular fiber. Thus,

rdx

Pr{N=0]=
(1-f)R(.x) df

klt—-,...

and

PriN=n]=0 forn21.

(322)

(32v)
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The Evolution Equations and

their Numerical Solutions

Derivation

The results derived in the previous section permit the derivation of a sct of ordinary and partial differ-
ential equations for the variables p(x), g(x), r(x), @Q(f,X), and R(f, X). Consider first the probability p(X)

and note that

p(E+ dX)= p(X)— Pr [initiation of failure at a regular fiber ]
x[ 1 + 2 corresponding expected number of broken regular ﬁbers}
—~ Pr [initiation of failure at a stopping fiber ]

X [ corresponding expected number of broken regular fibers ] 33)

Note that the expected number of broken regular fibers, which does not include the possible initial one, can

be written as 3 n Pr [N,,,=n], where the probability that n regular fibers break, Pr [N, =n], can be
#=0

determined from Eq. (21) and (26). Then, it can be shown that Eq. (33) reduces to the first order ordinary

differential equation

g __p 2p & _ p(3+%) Y
dz -’[l+p+q’.§o((p+q')(l—i))a"]

4

2pq

1
(p+a) [(-Hrod.nd
x

|
1t

(pfq’)u(g%) G4

Balance equations similar to Eq. (33) can be derived for the probabilities ¢ and r and for the probability
density functions Q(f, ) and R(f, X) which, after some lengthy but straightforward algebraic manipula-

tions, can be shown to reduce to the following differential equations
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dg _ 2p p(%+%) )"
dx l—i[ p+qd Eo((pw)(l—x) a}

2 oo AL
- 44 5 (-2 )(H\P) (35)
=0\ Pt+tq i=1
(p+d) [-1) 0D df
& __ 2p¢ {f_p(E+%) )"
dz (p+q'><1—f)§o((p+q')<1—z> i O
247 el r
+ T Z(p+q)(l'l‘1‘).+1—, (36)
(p+a) [a-DoCDg [a-nrene
0 d
72 (10)=-q 37 +F, @
and
d dR
E(rR)-——rﬁ-f-Fz (38)

The terms F; and F, can be expressed in the form

- . +1
Fy=2L i{ SR T (o= 222 Jo 151+ 22y - 22 5, )

X+% 0| (p+q)(1-X) 1 a, a,

n+l (g‘l’;’)(l“?m) ] Foam .
prH Y Pt —pn+2(x+pxo),x

2900 D) af _p(x+x) Y ,w( p
X+ X ((p+q’)(l—f)) a"+2q,§o p+q p

[a-noy.ne

i __2q0¢® 247 0.3

P_Y(¢
! P+q (p+q') (g\y) &9
Ja-nov.na -0 R &
x

1pMs

N1 Sy
~
—

where §(f) denotes the Dirac delta function and
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n+l
_2q 1-f - p(X+X%) L P
F= 35 T Eo“”[(pw')(l—f)] Q(f a, ("”°)'x)
[a-pov.ne
X
2 ¢? 1-f =( p Y(z2 r R(f.%)
WIYdE E‘o(wq') (E\P")FV‘ ) €0
fa-pev.na [a-nro.ng
where
F3=JQ(V,f)Q(f—P"”V—anf—amfo)dv A1)
and
V1=max[f»;},;f(f—1“auf"a.+1fo)} @2)
v2=min[1,-;—,—1":1-(f—-f—a,i—a,,+1io):|. (42b)

The differential equations (34)-(38) require a set of initial and boundary conditions for the functions p(%),

q(%), r(Z), Q(f, x) and R(f, X). Clearly, at ¥ =0, no bar has yet failed and
pO)=1 ¢(0)=0 r0)=0. 43)

For very small values of X, a few fibers are broken but the load they carry is in fact very close to the elastic

value F, = X. It is then concluded that
lim O(f, %) = lim R(f,X)=&(f - %). @4)

Finally, the probability density functions must satisfy the normalization conditions

jQ(f,i)df=jR(f,f)df=1- “5)




Numerical Solutions

Of particular interest in the present investigation is the study of the distribution of the forces in the
fibers when S, << Sm.y. In this case, the parameter X, is approximately zero. Although this assumption
provides a minor simplification of Eq. (34)-(36), the numerical evaluation of the functions p(%), (%), r(%),
QO(f, %), and R(f, X) that satisfy these equations represents a serious computational challenge in view of the
strong nonlinear character of Eq. (37) and (38). This numerical approach can be circumvented by proceed-
ing with a Monte Carlo simulation of the fiber breaking process. To this end, a composite layer containing
100,000 fibers was subjected to a displacement controlled experiment. Shown in Fig. 4-10 are the probabili-
ties p, g, and r for X € [0, 1] (Fig. 4), and the probability density functions Q(f, ¥) and R(f, %) for £=0.1,

0.2,and 0.4.

It can be observed from these figures that the probability density function R(f, ¥) has essentially a
triangular shape, so that

%(f—)'c) for f € [%,1.5 %]

R(f,%) = (46)

4 _ _ _ .
o (2x-f) forf e[1.5%,2%]

A reliable approximation of the probability density function Q(f, X) can also be obtained. To this end, note
first that for =0, Q(f, X) is very close to a step function extending from % to 1.5 %. As ¥ increases, the
sharp transition at f=1.5 X appears to remain while the function Q(f, £) decreases almost linearly both
left and right of this value. Noting that the two slopes are very similar, it is proposed to approximate

Q(f, %) in the following way

2 _a(f-%) forfel[sL.5%]

2(2f—f) for fe[l.5%,2%] 7

o, =
where a denotes the common unknown slope of Q(f,X)in f e [%,1.5%] and f € [1.5 x,2 x). This vari-
able must be such that the above approximate representation of @(f, X), Eq. (47), satisfies Eq. (37) in some

way. Specifically, it will required that the error in Eq. (37) have a zero mean. That is,
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1
d d
!f[;—f(qQHq—a?Q'—Fl}df:O. 48)

This Galerkin-type approach leads to the following ordinary differential equation for the slope a

dx 4 24

g d(a®) [5_ (a®)x
% dx [4“ 2%

d 1 af l
]—i—q[-+—}-qQ(l.i)+J'fF1df~ 9

1
The expression for the term J‘ f F df is omitted here for brevity, it is readily computed by relying on Eq.
x

(40). Equation (47) indicates that the slope a affects the probability density function Q(f, X) through the

product a £2. Thus, it is suggested to associate to Eq. (49) the initial condition

lim a(%) %2 = finite. (50a)

A limiting analysis of the various terms in Eq. (49) demonstrates that the above condition can indeed be

enforced. In fact, it is found that

lim a(%) # =0 (50b)

which is consistent with Fig. 5.

The knowledge, even approximate, of the probability density functions Q(f, X) and R(f, X) permits
the evaluation of the terms 6;, Eq. (22), '¥;, Eq. (28), and @;, Eq. (30). Equations (34)-(36), complemented
by Eq. (49), represent then a well defined set of first order differential equations that can be solved by stan-
dard techniques. To test the validity of this approximate formulation, it was decided to investigate first the
behavior of the probabilities p, g, and r, for X = 0. In this case, it is sufficient to impose a = 0 for all values
of %. Shown in Fig. 4 are the probabilities p(x), ¢(X), and r(X) computed by Monte Carlo simulation and
from Eq. (34)-(36), (46), and (47). It is readily seen that this simple approximation already provides a very
reliable mode! for the probabilities of existence of regular, stopping, and singular fibers for X € [0,0.45].
A similar accuracy is also obtained in connection with the average load carried by the fibers, Eq. (5), see
Fig. 12. Note that the numerical solution of Eq. (34)-(36) was halted at ¥=0.45 because the system had
already entered the less interesting softening range. If needed, a reliable approximation of this behavior can

also be obtained by allowing the slope to vary according to Eq. (49).
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Local and Global Load Sharing: A Comparison

‘When all of the fibers share the external load, there is no spatial variation of the force in the fibers

and F, = X if the fiber is not broken. The probability that a given fiber is broken is thus readily evaluated as
Pr [ broken fiber] = %. (1)

Relying on the independence of the fiber strengths S it is then found that

po(®)=(1-x) (52)
ge(®)=2%(1-%) (53)
re(¥ =22 (1-%) (54)
and
Qc(f, %) = Re(f, %) = 8(f - %). (55)

A comparison of the probabilities p(X), g(X), and r(x) corresponding to the local and global load sharing
models is presented in Fig. 11. It is seen that the global load sharing model overpredicts the probability of
finding regular, stopping, and singular fibers. This observation is expected since the local transfer mecha-
nism leads to a propagation of the fiber breaking process that is not consistent with a global load sharing
rule. The existence of a smaller number of unbroken fibers is also consistent with the increase loads they
carry, compare Eq. (55) and Fig. 5-10. Surprisingly, these two effects seem to cancel each other when con-
sidering the mean value of the force, Fig. 12, which is very close, for X € [0,0.5], to the parabolic shape
X (1~ x) predicted by the global load sharing rule except for the location of the peak which is largely

overestimated by the global load sharing model.

Summary

In this paper, a single composite layer has been considered and its random inelastic response in a dis-
placement controlled experiment has been investigated when a local load sharing mechanism is present. It
was first recognized that the randomness in the fiber strengths and the force transfer that is associated with

a local load sharing rule permit the propagation of the breaking of fibers. This process results in the
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existence of three different types of unbroken fibers which were termed regular, stopping, and singular, they
are surrounded by 2, 1, and 0 unbroken fibers, respectively. It was then recognized that the load carried by
regular fibers is the same as if failure had not occurred. The forces in the stopping and singular fibers were

however found to be random and to be in general larger than the values obtained in the absence of failure.

For a given applied displacement X, the determination of the probabilities of existence of regular,
stopping, and singular fibers, denoted by p(Z), ¢(X) and r(%), and the probability density functions of the
force carried by the stopping and singular fibers, Q(f, ) and R(f, X), was approached as follows. First, the
breaking of a fiber and its propagation in the layer was analyzed from a stochastic point of view. In particu-
lar, the probability associated with the breaking of n fibers was determined when the process is initiated at a
regular, a stopping, of at a singular fiber.

A set of "continuity-like” equations was then derived by analyzing the changes in fiber types and in
load carried that result from the fiber breaking process. In turn, these relations were seen to reduce to a set
of ordinary and partial differential equations that govern the evolution of the functions p(%), ¢(%), (%),
Q(f.X%), and R(f, X) as the variable ¥ is increased from 0 to 1. The complexity of these equations moti-

vated the search for an approximate solution technique.

To this end, a Monte Carlo simulation study was undertaken to provide insight into the behavior of
these functions. It was in particular recognized that the probability density functions Q(f, ¥) and R(f, %)
can be accurately represented by the expressions given in Eq. (46)-(47) for the particular case of interest.
Introducing these approximations in Eq. (34)-(36) led to a much simpler numerical problem that can be
solved by using traditional ordinary differential equation solvers. The accuracy of these approximate results
was demonstrated; a reliable approximation of the probabilities p, g, r, but also of the probability density

functions Q(f, £) and R(f, X) was obtained.

Finally, a comparative analysis of the behavior of the composite layer under both local and global
load sharing was performed. It was shownvin particular that the global mechanism can seriously overesti-
mate the number of unbroken fibers and underestimate the distribution of the forces in the fibers. However,
it was found that the mean value of the loads carried by the fibers is reasonably well predicted by the global

load sharing model except for the location of the peak which is largely overestimated by the global load




sharing model.
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Figure 3. Definition of regular, stopping, and singular fibers
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ABSTRACT

In an attempt to explain the phenomenon of fiber clustering, the low Reynolds
number flow through an array of rigid cylinders is investigated. Both cases of a regular
and a slightly perturbed array of cylinders are studied. In particular, the forces exerted on
the cylinders by the fluid are derived for both cases and a stabxhty analysis is conducted
to predict the motion of the array.

Introduction

The design of a manufacturing process that leads to composite materials possessing optimal proper-
ties represents an important technological challenge. One of the difficulties that are often encountered is
the lack of uniformity of the distribution of fibers in the matrix. This generic problem which affects both
short and continuous fibers composites originates in particular in the flow of the resin through the arrange-

ment of fibers. Consider for example the process of impregnation of thermoplastic composites which starts

with the introduction of a polymeric matrix into a fiber tow. As a result of heating, the matrix softens and -

starts flowing into the spaces scparating the adjacent fiber tows. While flowing through the "channels”
formed by the adjacent tows, the viscous mass exerts significant pressures and shears on the tows which
may cause both their flexure and rigid body displacement. This process may lead to concentration of fibers
into small areas, or clusters, and to the formation of matrix-rich domains which are almost devoid of fibers.
One of the possible explanation of this phenomenon associates the fiber clustering with an initial irregular-
ity of the array of fibers. The goal of the present investigation is to test the validity of this mechanism. To

this end, the motion of a fluid (the resin) through an array of cylinders (the fibers) will be investigated. In
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particular, the present study will focus on the determination of the change in the forces exerted by the fluid
on the cylinders as they move away from their initially regular arrangement. Finally, these results will be

used to test the stability of the entire array of fibers.

The Flow Equations

The fluid flow past an array of cylinders has been the subject of a large number of both theoretical
and experimental investigations. The two limiting cases of a fully turbulent flow, corresponding to a very
large Reynolds number (see Chen et al., 1990, Conca. et al., 1990, and references therein), and of a creep-
ing motion, modeling very low Reynolds number situations (see in particular Tamada and Fujikawa, 1957,
Miyagi, 1958, Hasimoto, 1959, Kirsch and Fuchs, 1967, Happel and Brenner, 1973, White, 1974, Drum-
mond and Tahir, 1984 and references therein), have been especially emphasized. In the context of the man-
ufacturing of thermoplastics it is found that a low mean velocity, U, a high kinematic viscosity, v, and a

small diameter of the fibers, D, lead to a very small Reynolds number

Re=—UD<<1 (1)
pv

where p is the mass density of the resin. The theory of linear creeping flows thus represents an appropriate

framework for the present analysis.

The derivation of the flow equations corresponding to the limiting case of a very small Reynolds
number is a classical topic of fluid mechanics. Neglecting all inertia terms, Stokes first showed that the

continuity and momentum equations reduced to
divV =0 2
and
uViy=Vp 3

where V and P are the velocity and the pressure fields, respectively. Further, the symbol u denotes the

dynamic viscosity which is defined as




Introducing the vorticity vector @ as

o=curlV (5)

it is readily shown that Eq. (2) and (3) can be rewritten in the form
vip=0 ©)
and

Ve =0. ¢))

A series of investigations (see White, 1974, and Happel and Brenner, 1973, for details) have shown that Eq.
(6) and (7) lead, in the case of three-dimensional flows around immersed bodies, to accurate estimates of
the flow characteristics in a large domain surrounding the body, and consequently of the drag and lift
forces. In the far field, however, Stokes’ equation, Eq. (3), predicts inertia terms that are not negligible, as
was initially assumed in its derivation. Further, the solution of plane flow problems by relying on Eq. (7) is
affected by Stokes’ paradox: it is not always possible to find a steady solution of Eq. (6) and (7) that also

satisfies the boundary conditions on the surface of the immersed body (no-slip condition) and in the far-

| 4
field. These weaknesses of Stokes’ equation have led Oseen to conserve the inertia term pU %—; in the for-

mulation, leading to the following steady momentum equation

1%
pU%§=—VP+yV2t_/. ®)

The above relation, at the contrary of Stokes’ equation, leads to a uniformly valid approximation of the
three-dimensional fluid flow around an immersed body. Further, it admits steady two dimensional solutions
that satisfy the required boundary conditions on the immersed body and in the far-field. Notwithstanding
these advantages, it should be noted that Stokes® and Oseen’s equations, Eq. (7) and (8), both represent

zeroth order approximations of the Navier-Stokes equations corresponding to a low Reynolds number.

Thus, it cannot in general be inferred that the use of Eq. (8) will lead to estimates of the forces acting

on the body that are more accurate than the corresponding approximations dcrived from Eq. (7). (Happel
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and Brenner, 1973). In the context of the flow through a perturbed array of fibers, this observation indicates
that the simplest of the two momentum equations, that is Eq. (7), be used provided tﬁat it yields an accept-
able flow field. The lack of a fluid only "far field" and the existence of a Stokes’ creeping flow through a
regular arrangement of cylinders (see Hasimoto, 1959, Sangani and Acrivos, 1982, Drummond and Tahir,
1984) suggest that Stokes’ paradox will not be present. Consequently, Eq. (7) will indeed yield the required

low Reynolds number approximation.

Assumed Solution

In the case of a two-dimensional flow, the vorticity vector can be written in the form

o =[o, 0, w,] ©
with
dv odu
a’z—a_x"é'; (10)

where u and v denote the components of the velocity in the plane of motion,
V=1[u,v,0]. 11)
Introducing the polar coordinates (r, 6), it can be shown that the solutions of Eq. (7) and (9) admit the rep-

resentations

o,=F 0Inr+Fylnr+F;0+F4+ Y, (B,, rre™C,orme™+D, r"e ™ +E, ™ ei'"a)
m=1

(12)

where B,,,C,.. D, E,,,m=1,..and F,, F,, F4, F, are arbitrary constants. The single-valuedness of the
vorticity component @, under a rotation by an angle 2 # around the z-axis requires that the coefficients F,

and F5 be identically zero, Further, imposing that @, vanish at infinity, r = oo, leads to the condition

F2=F4=0 (13)




and
D,=E,=0,m=1,.. (14)
Finally, the real character of the vorticity vector for all values of r and 6 requires that the constants B,, and
C .. be complex conjugates of each other, or
Cn=8,,m=1,... 15)
Under these conditions, it is found that @, can be expressed in the form

a),=i(B,,r'”‘e"""’+§,,r""‘ei“o)=i(-B—"'+—E—'"—) (16)

m=1 m=1 zm A
where
z=x+iy=ré®, a7)

The next step of the analysis consists in the determination of the velocity field V that corresponds to the
vorticity component @,, Eq. (16). This computation is greatly simplified by introducing first the complex

velocity W as
W=u-iv (18)

and noting that

W2 Dt (B 2) (2 2 o
82_2 dox dy " 2[9x9y o= ay )| 2°°

where the last equality results from Eq. (2) and (10). Then integrating Eq. (16) with respect to Z yields

1| = (Bnz B, T - | o= A, 1 -
== -~ B, -+B;1 + ) —+-—B;In
Zi[.l:z( " (m—l)z"ﬂ)+ ' ‘“’] Z,on b Blne
(20)
1
where A,,, m =1,.. are arbitrary complex constants. Note that the term -2—iB‘lnz is required to produce

single-valued velocity components u and v.
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The singularity displayed by the flow field, Eq. (20), at z=0 is clearly inadmissible unless that point
does not belong to the fluid domain. More precisely, it can be argued that this point must coincide with the
center of one of the fibers. Symmetry considerations dictate, however, that no one cylinder has a privileged
role in the analysis. Thus, there must be a singularity of the flow field, Eq. (20), at the center of each fiber

and (see also Tamada and Fujikawa, 1957, Drummond and Tahir, 1984)

W=FIW, ‘ (212)
P q
where
_11 & B,‘;""(i—im)_ BR (Z-5p)
WM-E[HE:Z( (z_qu)m ' (m—l)(i—ipq)m_l).*- fq(z_-qu)
z- ? e ARt
+ B | 2k _fm (21b)
Spg m0 (2—5,)"

In the above relation, the double summation over the cylinder indices p and ¢ extends over the entire array
and s, denotes, as in Fig. 1, the complex number associated with the position vector of the fiber in the p*
column and the ¢* row.

The boundary conditions, to be described next, will provide the necessary equations to compute the
values of the complex coefficients AZ? and B?? cormresponding to each of the fibers, thus completing the
determination of the velocity field in the array. Once this information is available, it is quite simple to deter-

mine the pressure field and the forces exerted on the cylinders. Specifically, note first from Eq. (3) that

oP oP oP
2 — 2 -1 2 - — ] — = —
;zVW-p(Vu iV v) #(ax lay) 28:' (22)
Then, using the identity
>w
2 o= areanam——
\% W-_4azai 23)

and integrating Eq. (22) over z, it is found that

oW
P=2/t-a;+g(i)=—iuw,+g(f) _ (24)
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where g(Z) denotes a function of Z such that the corresponding pressure field P is real. Finally, the complex
force acting on the fiber pq can be evaluated as (Miyagi, 1958)

F”=F§"’+iF;"=J(iP+yw,)dz (25)
MM

where the notation j denotes the integral over the contour of the circle pg. Combining Eq. (24) and (25), it
P

is found that

Fr=i[g@di+2pu [0, di=4iz u Bl 26)
pPq M

No-Slip Boundary Conditions

To give rise to a bonafide velocity distribution, the constants A2? and BZ? must yield vanishing com-
ponents u and v on the exterior surface of each fiber. Denoting by a the common radius of the fibers, it is

then required that
W=0 forz=s,+ae’ _ (vX))
at every angle 8 and for all cylinder indices p and g. Combining Eq. (21) and (27) and expanding the terms

2
in the form

i0 0
(Srs—Spg+ae )" andIn| s,—5,,+ae’

(sn—qu+ae“’)'”=(s,,—sm)"”g(_m)[ 2 ]e‘“ for (r, s)#(p.q) (28)

t Sre = Spq

and

i |2 - N i a ito
In|s,—sp,+ae | =ln|s,,—sm| +, e’

+2

=1 ¢

oo (_1\t-1 .
1) [ 2 :{e"“’ for (r,5) #(p. q) 29)

5re — Spq

yields a Fourier-like expansion of W involving the powers of €. Since the functions ¢"® form a basis over




8-

the domain 6 € [0,2 #], it is necessary, to satisfy Eq. (27), that the coefficient of each power ¢ in the
expansion of W be set to zero. That is,
- . 2
pX E———-——A"',‘q +—1-BP" ekl ] —-l—B"’ a +-—1-E”"ln Sre = Spa
(p:f( | m0 (Srs— Spg )™ 2i 1 Srs— Spq 2i ! S = Spq 2i ! Spq
)
= BM| (3,—5p) m a? = B BT
+ 3 Sm pg’ _ - m +AF+ =L 1nag=0
EZ 2i [(sn—qu)m (sn_qu)MH »§2 2i (m'_1)(‘-5'-11"'51’«7)’"_1 0 i na
(30)
P nﬁO(srs—qu)m“ t 2i ! (sr:_qu)ﬂl
(p.g)rs)

Sps —

+2
t+1 a 1 = (_I)H a
+eD [—;] T [u,,_s,,q)]

142 - B

= BP| (5,—5y)d (—m)
+ | —— + e
,E; 2i [(s,,-—sm)"‘” t (S —Spg )11 (141 2i t at
BN EPq oo pPq o RPY rs
> = 2 + == — a_ + : 5n EEE-'_—E:-— +‘é-l-=0
1 £ 2 (sr:—qu) 2i (sr.r—qu) m=22'(5r:_qu)m m=2 2i (s"_qu)m a
(CX) St
(32)
> By a _iéﬁ_maz__ LA 1 e 33)
s 4i | (5s—5p) | m2 4i (5—5p)™ | a2 2i !
(p.)%(r.s)

__El_”(—l)' a _iﬁﬁq(—m+l) a
(er—ipq) t (m-l)(grs-qu)'nﬂ_l

Z [ 20 ¢ b 20
(Pg(rs)




LA B 1

+Le ol 20 1234, (34)

Flow Past a Regular Array

It will be seen in the next section thét the determination of the flow pasta perturbed array of cylinders
requires the knowledge of the corresponding solution for a regular arrangement. The latter flow field can be
determined either by relying on the power series expressions derived by Drummond and Tahir (1984) or by
a direct application of Eq. (31)-(34). In the case of a regular array, it is expected that the cylinders all have

an identical effect on the flow, or equivalently, that

BP=B° forall pandgqand m=1,.. (35)
and

AP =A% forall pandgandm=1,.. (36)
for some complex numbers A%, and BY,. Then, introducing Eq. (35) and (36) in Eq. (31)-(34) yields the fol-

~ lowing linear system of equations

oo — 0 -1
£ a0 (T 0.0+ 5[ 0 GO0+ 0 0 F0.0) |+ 5 [( 24 F . 0)}
m=1 t 2i t

had B& -m ¢ -m 42 1 Bt+l
+m=2 —27[( . )0 GmH(O’O)+(t+1 ) F ps141(0,0) | - 2i =0 G0
A, B Bl & B 2 Bn
7‘5‘0 -i—;,-F1(0.0)+a 'i';;Fl(O,O)'FEzE,‘aFm(O’O)'*'Ez”ZT aFm(O:O)_O (38)
A BY B° = By mad
S-S TOD- § 32 PR -0 9

and




t

0 0 g [ .\ w R9 _ t
A‘+-—’—f-'"—‘—5‘:[(—;"—)-76‘65n , }—}:Eﬂ[( '"“]“—W.-l(. ]=o.

@ a7 20 2 = 2i (m-1)

(40)

In the above equations, the symbols F,,(0,0) and G,,(0,0) have been used for brevity to designate the fol-

lowing series
1
F,(0,0)= ¥ — m=1,... @1
P Sk
(P.g)¥0.0)
and
G.0,0= Y 3 o9 @2)
pa  Spe
(p.9)%0,0)

where the summation over the indices p and ¢ extends over the entire array with the exception of the cylin-
der (0,0). It should be noted that the coefficients F,,(0,0) and G,,(0,0) are affected by convergence prob-
lems, In particular, F,(0,0) and G4(0,0) are indeterminate; their values depend on the order of summation.
Drummond and Tahir (1984) have resolved this issue by using symmetries. For the geometries that they
considered, (unstaggered array, triangular and square staggered arrays) they have proved that the appropri-
ate values of the coefficients F,,(0,0) and G (0, 0) are obtained by performing first the summation perpen-

dicular to the mean flow.

The determination of the coefficients A% and BY requires a final scaling condition specifying, for

example, the mean fluid velocity across the array (see Drummond and Tahir, 1984, for details).

Flow Past a Perturbed Array

The determination of the fluid flow past an arbitrary irregular array of cylinders can be obtained, as in
the case of a regular arrangement, by relying on Eq. (30)-(34). Because of the lack of symmetry in the posi-
tioning of the fibers, the simplifying assumptions given by Eq. (35) and (36) will however cease to be valid

and a severe increase in the level of complexity of the analysis will result. In this respect, note that an
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investigation of the stability of the array requires only the knowledge of the fluid flow past a slightly per-

turbed array the cylinders of which are located at the points
5 pg = Spg + 5. 43)

In this relation, the symbol s5,, denotes the position of the cylinder (p, ¢) in the regular array while &5,
represents its small mispositioning. Introducing Eq. (43) in Eq. (30)-(34) and linearizing the resulting rela-
tions provides a first order approximation of the forces being exerted on the cylinders as a result of their
motions. Retaining only the linear term in 85,., it is found that the principle of superposition holds; the
forces resulting from the mispositioning of two or more cylinders equal the sum of the contributions corre-

sponding to each of the displacements &5, as if they were acting alone.

This observation implies that the analysis can be conducted by considering that only one cylinder,

with indices p=¢=0, is not in place, that is
85pg=0 for (p,q)#(0,0) (44)
Then, the coefficients A2 and BP7 can be expressed in the form
AP = A% 4 5AM9 @5)
and
B = BY + 5B% (46)

where § AE? and §BP? are the small perturbation terms corresponding to the mispositioning &sqo. Further,

to account for the finite memory of the fluid, it will be required that

SAN -0 as pandfor g too @7
and

8BPT 5 0 as p andfor ¢ — * oo, 48)
Letting r and/or s tend toward infinity in Eq. (30), it is readily found from Eq. (47) and (48) that

T SAD = 49)
Pe

and
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S 6B =0. (50)
Pa

Even with the above simplifying assumption, the determination of the solution of Eq. (30)-(34)
appears to be quite cumbersome since there exists in general a different set of coefficients & AP? and §BE?
for each cylinder. To this end, note that every double summation term appearing in Eq. (30)-(34) is in fact
expressible as a discrete two-dimensional Fourier convolution. Thus, it can be expected that the determina-

tion of the coefficients § A2? and § B2 can be greatly simplified by introducing the Fourier transforms

5B ,(6,4)= Y, 6B €*° ¢ (51)
P’q
and
5An(0,0)=3 5A ¥° &9, (52)
PYq

In fact, combining Eq. (30)-(34) and (43)-(52), it can be shown that

- 2 H(B, ¢) 631 (9, ¢) - Fm—-l (_9’ _¢) 6B m(_gi _¢)
"§1Fm<e,¢>aA,.<e,¢)—[a F2(9,¢)—(1_e,-,,)(1_e,~,)] - ‘Ez[ s } =

2 L(a’ ¢) 531(—9, —¢) - 2 =
+l:lna + (1—359)(1—e"¢)] 2 —Ez[ma Fm+l(9,¢)_Gm(9,¢)]5Bm(€,¢)_

0
— 6500 % [- 2 & F4(6,6) — 2 a® F5(0,0) + G5(8, 8) + G0, 0)]

oo - BO
=3 mése A, [le 0.6)+ 1) Frnn O, 0>] + T 5+ [Fl(e, 8 + F10, 0>]

m=1

e poO
-Z % { m 8500 [Gm(e,s») + 1) G (0,0~ @ (m+1) (sz(w) + 1™ F pi2(0,0) )}

50

i | Fal0,0) + (D™ Ful0,0)] - 850 2 Fe.0+F0.0]

e Egl m—1 E(l)
- §, 22 5| e+ () P00 |- B 5 [ AT+ 00 69
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o0 f—m - -m -m aBm(er ¢)
”Ell:a ( p )F,.“(G,¢):|5A,,(9,¢)+"§20 I:( { )G"‘+’(9’¢)+a2(t+l )Fm+t+1(0s¢)] o

1 B(-6,-9) ¢ ] 5B,(8, ~a)’ 589
- L FaC0 D [ 1) ¢ G0, + " 0 Frgl0,) | 22D 5, TBED)

oo [ 0
=850 X ( :n )a’ A?n[Fnﬂ'hH (6,8)+ (-1)™" F i1 0, 0)] -a)' == [(1 +1) 5Soo( 142(8,9)+(=1)' G450, 0))

- az (t +2) 5500 (F1+3(0,¢) + ("1)' Ft+3(0,0)) "M(Ful(e’m + (_1)1 F;+1(0,0))

oo [ BO — : .
- Z ( " )a‘ 'ﬁ' l: (m+1) 6500 (Gm+t+l(3, ¢) + (_l)m“-l G m141(0,0) )_ 0500 (Fm+t(9-¢) + (‘1)"‘“-1 F ot (0, O))

- 4 0
+ az( , ml )55'“) (m +t+ 1) LF,,H.HQ(B, ¢) + (—1)M+l+l Fm+t+2(0» 0) ) (_a)l l 5300[ FH—I (9 ¢) + (__l)r " (O O)}

(54)
dA
0
~-a 5500[ 5 3 m (P (0,9)+ (1" Ml(o,on]
=B —

—a asoo[ 2 32 m (Fan09) + (1" Fal00) )} )

1 ma o\ TE,E00) | 05,09 [ | T

5A2(6.4) - Ez[ 5 m+l(—'0'_¢)} 27 t—r | 3 P |

2 B mm+ P — P

=T 3, 2% 2 [P ap) + ()™ Fra0) | (56)




3B,(-6,—9)

— JA,(a ) + 27

1 6B,4(6.¢) i[(—m+l) a'

m+l—1 ( ~0, ¢)]

-2 2i m=2 t (m-1)

t ] 0 -
- g a0 [( o 3t (Ferd)+ (1) Fra00)
LR (T gt D B (Foo®+ (0™ Frol o)
—2 t (m-1) 2i
where
F.6.6)= Y —l—e‘f”e‘“ m=1,... (58)
pa Sp
(p.g)*0.0)
and
Gn0.8)= 3 BLo#0gitt oo (59)
pa  Sp
(p.q)0,0)
H(g ¢) Z qu s(p—l)q sP(?‘l) S(P‘l)(‘?‘l)jlelpe elq’ (60)
pa| Spa Sl Spe))  S(-1)g-D
2
L(6,¢)=3 In| 2 leat) | o gias, ©1)
P S(p-1)g Spig-1)

Note in Eq. (60) and (61) that the terms 7% . ~ andIn| s,, I are ignored if (r, 5)=(0, 0). Further, the conven-

rs

tion on the order of summation, already discussed in connection with the flow past a regular array, is also

selected here. Finally, note from Eq. (50) and (51), that

&B,(0,0)=0. (62)




Stability Analysis

The solution of Eq. (53)-(57) provides a representation of the coefficients §B{? and of the associated

function 6 B(8, ¢) in the form

5B = aP¥ S50+ BP Tsgn 63)
and
5B1(6,¢) = a(8,¢) 8se + B8, $) 5500 64

The perturbation of the force exerted by the fluid on the fiber (r, s) due to the motion of the cylinder (0, 0)
can thus be expressed as
SF =4im uéBT=Ainpa®)dsp+(dinup™)ésw 65)

Relying on the superposition principle discussed in the previous section, it is found that the change in the

force exerted on the fiber (r, 5) due to the motion of all cylinders is

SF,, =Y [(4 PxpaP0Y S5 v (4ixp frIe) T ] (66)
pPAe

Separating the real and imaginary components, it can be shown that the above relation can be rewritten in

the form
5F7 fl(;*-p)(hq) fl(;—p)(r-q) SxP?
= ~ - 67
[ SFT ] PZ';[ P pepeo || 5y ©7)
where

OSpg=0xpg +idYp, (68)
f8 =47 u[ Img(am) + Img(57) | ©9)
15 =47 u Re(7) = Re(a™) | (70)

f;;"=4z/1ze(a")+Re(p")] a1
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z’é"=4ﬂﬂ[lmg(ﬂ”")—1mg(a"")} (72)

In the above relations, the notations Img(z) and Re(z) designate the real and imaginary parts of a complex
number z.

It is seen from Eq. (67) that the fluid act as a "series of springs" since the forces are proportional to
the displacements. For stability, the stiffness matrix must only possess eigenvalues with positive real parts.

These eigenvalues, denoted in the sequel by A4, and their corresponding eigenvectors

[. e e O0Xpg 8Ypg X p(g11) Y pga1) - - - ] satisfy the following equations

5 { l(I‘P)(-"q) fl(g—pxs-q) :l [ 5xH ] X l: 5" a3
(r—p)(s—q) (r—-pXs—q) m T re
pal| fa f2 Sy oy

for all r and s. Note that the left-hand-side of the above condition represents a discrete two-dimensional

Fourier convolution. Thus, introducing the Fourier transforms

5x(6,¢) = ;S-:; 5x,, €% & (74)
5y0.9)= . 35, e*® ¢t (s)
fu(09)= 2 £ &0 e =27 i [a0.0)+ 0.0 -TFD-FoH| (6
and similarly
f2(0.0)=2 7 | B(6.9) - a(6.8) - 5T, + BT, | )
12(0.0)=27 | a(0.9) + P0.¢) + TTF, 9+ F8.7) (78)
[200.0)=2i 7 1] a(6,6)- p(6,6) - TT,~9) + B0, (19)

it is found that Eq. (73) reduces to the 2x2 eigenvalue problem

fll(e’ ¢) le(ea ¢) JX(H, ¢) =—1 ax(e’ ¢) (80)
f21060,¢) [f22(6.9) || 6¥(6,¢) 5y(6,9) |
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The eigenvalues A= 4(8, ¢) must be such that a nontrivial solution of Eq. (80) exists. This is achieved when

1

10.0)=- 5[ fu@.0+ £20.0) £ 5[ (0.0~ 120,007 +4 fl0.8) fu0.0 ] 6D

Numerical Results

In order to illustrate the above theoretical development, two square arrays have been considered; the
first one is unstaggered with a distance between fibers of ¥2 while the second one is staggered at 45° with a
unit distance between fibers. In order to numerically simulate the specific order of summation associated
with Eq. (41), (42) and (58)-(61), the domain of the indices p and g was selec@ to be
(p, q) € [~10,10] x[-5000,5000]. The adequacy of these limits was established by comparing the values
of the coefficients A%, and BY, corresponding to a regular array, with the theoretical results of Drummond

and Tahir (1984).

Shown in Fig. 2-6 are contour plots of the eigenvalues corresponding to fiber radii, 0.1, 0.2 and 0.4.
The presence of negative values of 4(6, ¢) reveals that the array is unstable for all cases considered. Further,
note that the magnitude of the most negative eigenvalue increases as the fiber diameter increases, or equiv-
alently as the fiber concentration increases. It is then concluded that the instability of an array is most pro-
nounced at high fiber concentrations. Finally, note that the values of the parameters @ and ¢ that are associ-
ated with the most negative eigenvalue do not seem to vary substantially with either staggering or fiber con-

centration for @ 20. 2. Figures 3-6 suggest that ¢ =0 (or2z) and 6=1. 1.

Conclusions

In an attempt to explain the phenomenon of fiber clustering in composite materials, the low Reynolds
number flow through an array of rigid cylinders (modeling the fibers) has been investigated. Specifically,
the present study emphasized the determination of the forces exerted by the viscous fiuid (the resin) on the

cylinders for an arbitrary array. These results were then used to study the stability of a slightly imperfect
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square array of fibers. The stability analysis reveals that

(1) within the assumption of low Reynolds number, the stability of the array of fibers is independent of
both the flow velocity and the fluid viscosity.

(2) the array of fibers is unstable, that is, small deviations of the fiber lqcations from a perfectly regular
square, staggered or unstaggered, array will lead in time to a disordered arrangement of fibers.

(3) the magnitude of the most negative eigenvalue, which quantifies the rate at which the disorder grows,
increases with the concentration of fibers,

(4) the value of the most negative eigenvalue and the corresponding mode of instability do not appear to
vary substantially with the staggering.

(5) the dominant mode of instability, corresponding to the most negative eigenvalue, appears to be inde-
pendent of both fiber concentration and staggering for moderate to high fiber concentrations.
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(b) Staggered Array

Fig. 1 Array Geometry
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Fig. 4 Contour plot of the lowest eigenvalue, staggered array, a=0.1
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